
ABSTRACT 

FRESH AND SALT GROUNDWATER FLOW IN A COASTAL AQUIFER 

1 
P. VAN DER VEER 

Analytical solutions are given for steady interface flow in a coastal aquifer in

volving a phreatic surface with precipitation. The case with salt water at rest 

is examined first. The results are compared with the formulas of Badon Ghijben 

and Herzberg. It is shown that the exact solution coincides the interface for

mula of Badon Ghijben if there is no precipitation and the origin is chosen con

veniently. Generalised analytical formulas are the solution for the case where 

both fluids are moving simultaneouslyo The influence of moving salt water on the 

positions of interface and phreatic surface is shown . 

1 • INTRODUCTION 

Usually in coastal aquifers there is a flow of fresh groundwater towards the·sea 

(see fig. 1). In reality there is not a sharp interface as suggested by the fi

gure. The tidal motion causes a continuous movement of the interface between 

f;resh and salt groundwater. As a consequence a diffusion zone is present. In 

usual mathematic analysis however a sharp interface is assumed because that 

simplification enables us to apply adequate calculation techniques, for in

stance methods from complex function theory. 

The problem of an interface in a coastal aquifer was first solved by Badon 

Ghijben (1889) and Herzberg (1901). They assumed a hydrostatic equilibrium in 

the freshwater . Consequently these approaches were one-dimensional. 

Two-dimensional solutions were given by Glover (1959), Bear and Dagan (1964), 

Verruyt (1968) and Van der Veer (1976a). 

So far, these solutions all assumed that the salt water was at rest. The solution 

for the general case with simultaneous flow of fresh and salt groundwater is pre

sented at this Salt Water Intrusion Meeting (see also Vander Veer 1976b). 
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2. FLOW WITH SALT WATER AT REST 

2.1. One dimensional approach 

The problem was first analysed h:y Badon Ghijben (1889.) and Herzberg (1901 L 

They assumed a hydrostatic equilibr~um in the fresh water. 

Their formulas for the positions of the interface and the phreatic sur-

face are the following well-known expressions= 

interface: 

phreatic surface: n= 

where: Y = (Ps - f'fYff 
p 

N 

I< 

c1 
H 

h 

-~:ll-2.~~ 
(y+1)(. 

i: -~,.a_ 2 5f} x 
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constant 

density 

precipitation 

coefficient of permeability 

integration constant 

depth of interface below 

sea level 

height pf phreatic sunface above 

sea level 

distance from the shore line (x o) 

It is noted that at x =0 the phreatic surface meets the interface at sea le

vel" Thus there is a physical imposibility when there is a flow towards the 

sea. Mathematically however the outflow exists because the gradient tends to 

infinity as x tends to zero. 

2.2. Two- dimensional approach 

For the case without rainfall the solution of the problem can be found by 

means of the hodograph method (see Verruyt, 1968). Here the solution is given 

for the case with precipitation. 

The origin is located here at an other point than in Verruyts publication. 

With this other origin position a special prope:r;-ty of the interface formula 

can be shown for N = 0 (then the Badon Ghijben - Herzberg formula appears to 

be the exact solution for the interface position). 
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The boundary conditions are given by: 

interface: ~= -yky 

'\}r= 0 

phreatic surface: ~ = ky 

ir=- {q*+N x) 
Where q* is defined by q~ = q + N! ; t is the width of the outflow gap and q 

e e 
is the outflow of fresh water towards the sea . 

The solution of the problem is a non-lineair algebraic expression in the comple~ 

potential, defined by A:~+i'ir and the complex variable z , defined by :z.: X-+ i.y 

The solution is: 

By substitution of the boundary conditions it can be shown that this expression 

satisfies the boundary conditions. From the solution the expression for the po

sitions of the interface and the phreatic surface and the width of the outflow 

gap are found: 

Interface (H=-y) H 
-(~xl+2f~ 

(Y+~)(Y+1) 

Phreatic surface (h=y): h. : - ( rV -/ + q* X l ( y + ~ ). _ (!)2 
( 
1 - [ y + ~ 1) 

I< K ') Y+1 I< ( )( N) r+1 1- _ 
K 

width of the fresh water outflow gap: 

Ee 

~e. 

2.3. 

- s: ( l_ -1) 
zk r 

( t-.f:::o) 

- '-(") (1-[Y+ ~J)~ (N-J o) 
K ( 1- L¥) ( y + ~) 

Comparision of interface formulas 

Let the one-dimensional solution for the position of the interface be denoted 

H1 and let the integration constant c1 be c
1

= q~. Then, if the exact solution 

is denoted by He the following quotient is obtained: 

H1 ==V1 + t·* 
He 
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2.4. 

3. 

From this expression is seen that the quotient of depths of the interface 

according to the one-dimensional approach and the analytical solution is 

a constant. For precipitation (N ) 0) the quotient Hl /He) 1 • So a position 

for -the interface is found at greater depth the problem is analysed on-

ly in one dimension. Generally the value of N/ ( y K) is small. Then H/He'%·1.0 

and the one-dimensional approximation is very accurate. 

A surprisingly result is .obtained for N=O:then Hl/He=l. Thus for N = 0 and 

the choosen position of the origin the Badon Ghijben-Herzberg formula for 

the interface is exact. 

(For the phreatic surface such results are not obtained if the interface 

is approached in this way). 

Special, cases 

For some special cases the interface and the phreatic surface are straight 

lines. This occurs if there is no outflow from the region. In that case 

f e = 0, q=O and so q * =0. Then the expressions for the interface and the 

phreatic surface reduce to: 

·- !Y. 
interface: H K 

- X 
( Y+ ~) ( y + f ) 

Phreatic surface: h = - x - ~ ( yy:; 1 

Physically these expressions are only of interest when N < 0 (then there is 

evaporation). This is shown in fig . 2. A s imilar case that is of more prac

tical interest is given in fig. 3. Now the upper boundary is a seepage sur

face along which also the condition i = ky holds. When the seepage face is 

on a l:n slope the constant outflow, N per unit of length in x-direction 

can be calculated when h= - x is substituted in the phreatic surface formu-
n 

la. That yields: 

SIMULTANEOUS FLOW OF FRESH AND SALT G~OUNDWATER 

When there is a simultaneous flow of fresh and salt groundwater the follo

wing boundary conditions hold: 

so 
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interface: Y = - 4?t -1- A:. A 
Y'\(f (=t y~ 

~=0 

'o/s= 0 

The coefficient of permeability k is defined by k =~f1/~ where ~ re

presents the intrinsic permeability of the soil: ~ is the dynamic visco

sity of water . 

phreatic surface: ~f = ky 

where 

The solution of the problem is given by: 

Sls = - fs "2, q$ n,. 
ff l£ 9* 

where : o{. = 4 + q"' Ps 
q* ff 

is a salt water flow co~fficient. 

By substitution of the boundary conditions it can be shown that this. so

lution satisfies. the boundary conditions. From the solution formulas are 

derived for the positions of the interface and phreatic surface and the 

width of the fresh water outflow gap~ 

interface: H = 

phreatic surface: 

h.: 

width of the fresh water outflow gap: 

fe = t-:f ( ~ -1) 

In fig. 4 the 
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In figs . 5 and 6 the influence is shown of the salt water flow on 

the positions of the phreatic surface and the interface. It appears 

that the salt water flow may have a great influence on the position 

of the interface between fresh and salt ground water. 

CONCLUSIONS 

For the case with stationary salt water the Badon Ghijben formula for 

the interface generally is very accurate. 

For the case with stationary salt water the Badon Ghijben formula for 

the interface is exact when there is no precipitation. 

When there is just no fresh water outflow gap the phreatic surface and 

the interface are straight lines . 

Salt water flow may have a great influence on the position of the 

phreatic surface and the interface between fresh and salt groundwater . 
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