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Abstract 

Solution of Laplace's equation in terms of both the velocity potential 
and the stream function using a boundary element method is discussed. 

A computer program is described in which this concept is used to model 
the transient two-dimensional flow of several immiscible fluids with a 
different density and/or viscosity through inhomogeneous and/or 
anisotropic porous media. 

In particular the simple specification of conditions outside the flow 
domain is treated by which complex boundary conditions are generated 
automatically. 
For a number of test problems a comparison is made between the calculated 
and the exact solution. 

1 Introduction 

The computer program system described is developed at the Data Processing 
Division of Rijkswaterstaat in the Netherlands. The calculation method 
used is based on a thesis by Vander Veer (1978). 
Although the building of the system has been completed it is still being 
tested and not yet operational. 
A number of divisions of Rijkswaterstaat are in need of a program system 
able to model transient two-dimensional vertical groundwater flow. 
Because of the variety in demands the objectives are quite broad. 
The system has to be able to model the transient two-dimensional 
simultaneous flow of several fluids with a different density and/or 
viscosity through an inhomogeneous and/or anisotropic medium considering 
also the influences of sinks and/or sources. 

259 



This paper describes the system by first introducing the mathematical 
background. The following sections will describe the physical and the 
numerical approximations after which the structure of the program system 
will be presented. Finally for some test problems a comparison is made 
between the results obtained and the exact solution or results obtained 
with other numerical methods. 

2 Mathematical background 

From an operational point of view the use of scalar functions in the 
formulation of physical theories has advantages above the use of vector 
quantities. To discuss a number of scalar functions three classes of 
two-dimensional vector fields are considered: 

Class a: Vector field free of sources. 
From a rectangular control volume (Figure la) the following condition 
is derived 

0Cfx + d 'h =0 
Ux Jy 

If we define a scalar function y{x,y) by 

c)yr 
1.r 

oy = - '}x --= 
Jx vy 

it is seen that this function satisfies Equation 1. 
The scalar function y is called the stream function. 
Class b: Vector field free of rotation. 
Considering again a recangular control volume (Figure lb) the 
condition now reads 

Jq.x: 
--=0 
Jy 

If we define a scalar function ip{x,y) by 

;;~ vp 
- =- 4x'- = <i;y 
Jx Jy 

we see that this function 
The scalar function {! is 
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Figure 1. Control volumes 

satisfies Equation 3. 
called the velocity potential. 
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Class c: Vector field free of both sources and rotation. In this 
class both the Equations 1 and 3 have to be satisfied. 
Starting from the stream function yr a substitution in Equation 3 
gives 

which shows that }V has to satisfy Laplace's equation. 
Starting from the velocity potential tp a substitution in Equation 1 
gives 

()'"tp ()1q> 
=0 

which shows that if) also has to satisfy Laplac' s equation. 
Now we define the complex potentialll by 

.Il(z)=tp+iy 

where 

From Equation 2 and 4 it is seen that and are related by 

= 

These relations are called the Cauchy-Riemann relations. Because of 
these relations both tp and y satisfy Laplace's equation 
automatically. 

Physical approximations 

Inhomogeneous flow domains are divided into subdomains in each of which 
both the soil and the fluid are homogeneous. So the subdomains are 
seperated by sharp discontinuity lines. 
In a subdomain the vector field has to be free of sources and free of 
rotation. The flow of an incompressible fluid through a porous medium is 
assumed to satisfy Darcy's law: 

<is=-k~ 
Js 
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where 
5 = direction of flow 
qs= specific discharge 
~=hydraulic head 
k = Kl'g/"l = coefficient of permeability 
K = intrinsic permeability of the soil 
~=dynamic viscosity of the fluid 
p = density of the fluid 
CJ = acceleration of gravity 

As in a subdomain both soil and fluid are homogeneous and the soil is 
isotropic then 

and the velocity potential appears to be 

The flow problem inside a 
potential Il = <P + i r 
equation. 

subdomain is formulated in terms of the complex 
in which both p and 1f satisfy Laplace's 

Considering the total flow domain the boundary condition is stated 
explicitly in case the boundary of a subdomain coincides with the outer 
boundary of the flow domain. At inner boudaries the condition at the 
boundary of a subdomain is related to the condition at the boundary of 
the adjacent subdomain. 
In this way all the information needed for a particular solution of the 
flow problem is available. Let is suppose here that this particular 
solution can be determined. 
As the elastic storativity is neglected Laplace's equation has to be 
satisfied at every instant of time even in case free boundaries are 
moving. 
The movement of free boundaries is determined by the known velocity of 
all fluid particles on the boundary at every instant. 
Although according to the considerations above wells inside the flow 
domain and anisotropy are not allowed the program system can handle these 
phenomena. A correction of the boundary conditions allows wells to be 
taken out of the flow problem and anisotropic subdomains are transformed 
geometrically into isotropic subdomains. 

4 Numerical approximations 

Considering one subdomain the particular solution for the flow problem is 
found by generating a general solution for Laplace's equation inJL by 
means of sources and vortices at the boundaries and subsequently forcing 
the general solution to satisfy the boundary conditions. 
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To do so the boundary is discretised into elements (Boundary Element 
Method, Brebbia (1978)). Each boundary element is covered with a 
distribution of sources and vortices (Figure 2). 
The strength of both sources and vortices at an element e determines the 
state in a certain point P (Figure 3). 
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Figure 2. Sources and vortices 
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Figure 3. Influence of sources and vortices in point P 

The state in point P can thus be written as the sum of the influences of 
the strengths at all elements. As P is at the boundary we require the 
state in P to equal the boundary condition. This yields an equation for 
point P. Following this procedure for the center points of all elements a 
system of equations is obtained from which the strenghts of both sources 
and vortices at all elements can be calculated being the particular 
solution of the flow problem. 
The solution found within the' approximated boundary is exact. 

5 Program system 

The program system comprises three subsystems: the preprocessor, the main 
system and the postprocessor. 
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5.1 Preprocessor 

The preprocessor is an interface between the user and the main system. 
The information to be specified is user oriented. The preprocessor 
transforms this information into information needed by the main system. 
The most important information the user has to specify will be discussed 
here. 

5.1.1 Soil types and fluid types 

The soil types and fluid types appearing in the problem have to be 
specified. 
A soil type is defined by the following soil properties: intrinsic 
permeability, degree and direction of anisotropy, effective porosity and 
phreatic storativity. 
A fluid type is defined by the density and the dynamic viscosity of the 
fluid. 

5.1.2 Time series 

Time dependent information is specified by means of time-series. A 
time-series is defined as a set of values related to a number of points 
in time. The variable concerned is not specified here. Later on, any 
time-dependent variable may be coupled to any time-series. 

5.1.3 The flow domain 

The specification of the geometry of the problem area is done by a 
separate treatment of soil and fluid (Figure 4). 

Figure 4. Separation of soil and fluid 
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With respect to the soil inside the problem area a distinguishment is 
made between soil bodies and semipervious layers. The flow inside a soil 
body is two dimensional whereas the flow through a semipervious layer is 
assumed to be one dimensional. Within a soil body the soil properties are 
homogeneous. With respect to the fluid inside the problem area a number 
of fluid bodies are defined. Within a fluid body the fluid properties are 
homogeneous. The specified geometry of the fluid bodies is the geometry 
for the initial state of the problem. A soil type is assigned to ~ach 
soil body and a fluid type is assigned to each fluid body. 

5.1.4 The surroundings of the flow domain 

Soil and fluid are also treated seperately when defining the world 
outside the flow domain. With respect to the soil surrounding the flow 
domain sections are defined along the outer boundary for each of which a 
soil type is specified. 
With respect to the fluid surrounding the flow domain sections are 
defined in a similar way but now the information is time dependent. The 
coordinates of the sections are specified by a reference to a 
time-series. A fluid type is assigned to each section along the outer 
boundary. 

5.1.5 Boundary conditions 

Boundary conditions are defined at sections along the outer boundary of 
the flow domain. The coordinates of the sections may change with time by 
making reference to a time-series. The types as well as the value of the 
conditions valid at the outside of the flow domain have to be defined. 
The value is a time-dependent variable and is specified by assigning a 
certain time-series to it. 
The types of condition may also change in time. As the problem is stated 
in terms of the complex potential information on both the velocity 
potential and the stream function is needed. The different types of 
boundary conditions are as follows: 

1 ~ and 
rrfJl 2 oi/Qt and 

3 ~ and J~fdl 
4 dljdl and c)2~jJl1. 
5 ., and J yjJ! 
6 oyjcJI and cPyjJt.t. 
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From Figure 5 it can be seen how each of these types is related to the 
familiar conditions for the velocity potential and the stream function. 

II 

( auclry -Riemann 

.Caplac• 

Figure 5. Boundary conditions 

5.1.6 Wells 

Wells inside the flow domain are defined by a specification of the 
location and the strength. The latter may be related to a time-series. In 
case of injection the type of the fluid has to be added. 

5.2 
5.2.1 

Main stystem 
Solution at a certain time level 

At each time level the information at the outside of the flow domain 
(boundary conditions, soil type and fluid type) and the information at 
the inside of the outer boundary (soil type, fluid type and semipervious 
layer, if present) is integrated to yield the complex outer boundary 
conditions. In this way for example the conditions for a phreatic 
surface, a seepage face or a resistance layer are generated automatical
ly. In the same way the information on both sides of internal boundaries 
(soil type, fluid type and semipervious layer, if present) is integrated 
automatically to yield thet complex inner boundary conditions like those 
for interfaces and/or resistance layers. 
Subjected to these conditions and the influence of wells inside the flow 
domain the solution of the flow problem is found using the boundary 
element method. 
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5.2.2 Procedure for a step in time 

The length of a time increment may be fixed or variable. In the latter 
case the length is determined by the system from the amount of change in 
both strength and direction of the flow in specified points. 
At all free boundaries the specific discharge is calculated in a 
sufficient number of discrete points. From the specific discharge the 
velocity is found using the phreatic storativity in case of a phreatic 
surface and the effective porosity in case of an interface. The position 
of the free boundaries at the next time level is determined assuming the 
velocities to remain constant during a time increment (Figure 6). 

Figure 6. Free boundary movement 

The new position of the free boundaries is used to generate the new 
geometries of the fluid bodies after which the solution procedure at the 
new time level is started. 

5.3 Postprocessor 

The information produced by the main system at each time level consists 
of geometries of fluid bodies and the solution of the flow problem. The 
solution is available in terms of strengths of sources and vortices at 
all boundaries. With this information the value of the following 
variables can be calculated at any point inside the flow domain: velocity 
potential, hydraulic head, pressure, stream function, specific discharge 
and velocity. 
These calculations and the graphical presentation of the results are 
performed by the postprocessor. 
The main options are (Figure 7): 

Results as a function of time at a certain point in the flow domain. 
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Results as a function of space at a certain point in time (along a 
certain cross section or in (a part of) the flow domain by means of 
isolines). 
The position of free boundaries in the flow domain at different time 
levels. 
The movement of particals and/ or fronts defined by the user through 
the flow domain. 

Figure 7. Postprocessor options 

6 Examples 

Three test problems are presented, the results of which are compared with 
results obtained by other numerical methods or with exact solutions. Most 
of the data concerning the problems is specified in the figures. The 
units of variables used are always expressed in m, kg and days. 

6.1 Example 1 

A phreatic surface initially at a height of 6 m driven to a height of 
11m (Figure 8). 

The calculated flow pattern at t = 0,4 and 11 days is presented in the 
same figure. The calculated position of the interface as a function of 
time is seen in Figure 9. One calculation uses a time-increment of 1 day 
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while a second calculation uses a time-increment of 0.5 day. The 
analytical solution of this problem is also indicated in this figure. 

Figure 8. 
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Figure 9. 
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6.2 Example 2 

A drain above an interface (Figure 10) is pumping at a constant rate of 
10 m2 day- 1

• 

At t = 0 the interface is assumed to be horizontal. The calculated flow 
pattern at t = 0 and the calculated position of the interface at t 
10,25 and 50 days are presented in Figure 11. The solution of this 
problem, using the vortex theory, has been presented by Peters (1983). 
Both results are in good agreement. 
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Figure 10. 
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time 

6.3 Example 3 

An initially vertical interface (Figure 12). The calculated flow pattern 
at t = 0 is presented in figure 13. 

The calculated horizontal and vertical components of the velocity at the 
interface at t = 0 are found in Figure 14 a and b respectively. The 
analytical solution for this velocity distribution as obtained by De 
Josselin de Jong (1960} is also indicated in these figures. Deviations 
appear behind the third decimal place. 
Numerical calculations of this velocity distribution have been presented 
also by Van den Akker (1982) and Peters (1983). The calculated position 
of the interface at t = 50 and 100 days as given in Figure 12 is in good 
agreement with the results obtained with the vortex theory by Peters 
(1983). 
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Figure 13. Initial flow pattern 

272 



Figure 14. 
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