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Abstract 

The Boundary Integral Equation Method (BIEM) has been used to compute 

the changes in the shape of an interface between fresh and salt ground

water. The flow is computed three dimensional. The motion of the inter

face is approximated using a semi-stationary method. The results are 

compared to results of Kuiper(1980) and of Schoneveld(l979). They 

computed the same model using a two-dimensional Finite Difference Method 

and Finite Element Method respectively, in which the resistance to 

vertical flow in the aquifer is neglected. In this comparison the shape 

of the interface at equilibrium agrees quite well. A close relationship 

in the changes of the interface in time becomes evident in the case of 

both the salt water and the fresh water flow. But there is a consider

able difference if the resistance to flow in the salt water domain is 

neglected. From analyses it appeared that this neglect may not be used 

in studies concerning the velocity of the changes in the shape of the 

interface. It is permitted to compute the shape at equilibrium. 

Introduction 

Three dimensional computations are seldom carried out because of 

- the complexity of the specification of a 3-d model and because of 

- the large storage capacity and the large runtime required on a 

computer. This is true if conventional numerical methods are applied. 
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These disadvantages are felt less in a 2-d method. Therefore 3-d 

problems are often solved with computationmethods which actually solve 

the problem in 2 dimensions. In problems of groundwaterflow for 

instance the Dupuit assumption is often used. The flow is then assumed 

to be mainly in the horizontal plane. In this application of the BIEM 

a 3-d problem is computed with really 3-d flow. But as the computation 

is carried out at the boundary of the domain, the number of elements is 

reduced to a number belonging to 2-d problems. So the storage capacity 

and the runtime needed on a computer get proportions as needed for a 

2-d problem. The computationmethod presented here is based on Green's 

theorem and is applied to a non-stationary problem although a quasi

stationary computationmethod is used. 

The main object of this research was to investigate the accuracy and 

the applicability of the BIEM to solve 3-d groundwater problems 

concerning a moving interface. For that purpose a computercode is 

developed on the basis of an existing code (Van Herk,1980) using pre

and postprocessors available at the Delft University of Technology. At 

this moment in Delft a new version is being developed which will be 

more tuned to the computation of problems concerning groundwaterflow. 

2 Short description of the Boundary Integral Equation Method. 

The applications and the background of the BIEM are treated extensively 

by Jaswon and Symm (1977). In this application of the BIEM the problem 

is divided into domains in each of which the density of the groundwater 

is constant and in which the soil is homogeneous and isotropic. There

fore abrupt changes in density or permeability may occur at boundaries 

between two domains (interfaces) . In each of these domains or on the 

boundaries in a point Q(E) Darcy's law holds (figure 1): 

v(r) 

where 

v(r) 

K 

K v ¢(E) ( 1) 

velocity vector at point Q(E) in domain V or at boundary S 

Darcy's permeability, constant in homogeneous,isotropic soil 
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~ (~) =potential value at point Q(~) 

In volume V the continuity equation holds: 

0 

Substitution of (1) into (2) gives Laplace's equation: 

0 

lx 

Figure 1. Domain V with point Q(~) in which the velocity is 2(~) 

and boundary S with point P(~p). 

(2) 

(3) 

Also in domain V Green's theorem holds of which the third identity is 

expressed by: 

in 

{G~ 
dn 

which 

~ (r) ~} dA
dn 

~ (r ) potential value (source 
-p 

A if the source p is in 

. 5 if the source p is on 

(r) dV 

strength) at point 

domain V 

boundary s 

0 if the source p is outside boundary s 

G Green -s function 1 I 4 R, with 

R distance between p and Q (figure 1) 
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In our case Green's theorem (4) expresses the relation between one 

source on boundary S (so A~.S) and its related (by Green's function G) 

flux and potential distributions on boundary Sand in domain V. By 

substitution of (3) into (4) the second term on the left hand side of 

(4) vanishes. 

Figure 2. Boundary S discretized into M triangles. 

The boundary S of Domain V is discretized into M triangles with area Tm 

so (figure 2): 

s (6) 

If we assume constant values for potential and its normal derivative on 

each triangle we may approximate (4) by the algebraic equation: 

in which 

~m 
u 

m 
and 

K 
mp 

L 
mp 

u 
m 

~(~)I 

normal 

HT m 

HT m 

L ~ } 
mp m 

.5 ~ (r ) 
-p 

constant on triangle m 

derivative of~ (r), constant 

G dA(r) 

<lG dA(r) 
<ln 
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Both (Sa) and (Sb) can be seen as functions that express a relation 

between the flux and the potential values on triangle m and the source 

in point P. This can easily be seen from the two dimensional version of 

Green's function: 

G ln R (9) 
2n 

which is strongly related to Thiem's formula that states in the case of 

a referencelevel zero at infinity for the potential: 

ln R * Constant (10) 

In (10) the constant is dependent on the pumpingrate at sourcepoint P 

and on the transmissivity of the aquifer. This equation may be seen as 

a contraction of the first and the last term of (4). 

Both integral expressions (Sa) and (Sb) can be evaluated mathematically. 

Then these expressions can be computed numerically (De Lange,19S3). 

So if we put source P successively in the centre of gravity of the m 

triangles on boundary S we derive a set of m equations with m unknowns, 

presuming that either the potential value or its normal derivative or a 

combination of them is given on each triangle. The problem then can be 

solved numerically on the boundary S of domain V. The combination 

mentioned above may describe a thin layer on the boundary. This is used 

in the computation of the groundwater problem that will be described in 

chapter 3. 

The motion of the interface is computed using a semi-stationary method. 

At first the velocity in the normal direction to the interface is 

computed in a stationary situation. This velocity is assumed to be the 

velocity of the interface itself during a certain period of time. In 

the computation of the problem of chapter 3 a period of 1 year is used. 

At second the z-axis component of the velocity multiplied by the time

period yields the shift of each element of the interface. Taking the 

z-component of the velocity results into a constant number of elements 

during the computation. This simplification leads to an error that is 

less than 1 per cent in the computation of the velocity of the elements 

of the interface. From the new positions of the shifted elements a new 

365 



ZZ semi-permeable layer 

Figure 3. Situation at t=O years. 

LZZ: semi-permeable layer 

Figure 4. Situation at t=14 years. 

®. (j) 

® 

® 

(j)l ~ see figure 9 

® 

Figure 5. Covering by 292 triangles. 
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shape of the interface is created. This is assumed to be the new 

configuration that is to be computed for the next shift of the inter

face. 

3 Description of the model. 

The basical concept of the model is taken from a one dimensional model 

of Van Dam(1976). Both Schoneveld(1979) and Kuiper(1980) used a 

modified version inwhich actually three dimensional flow occurred. 

However in their computation methods they used the Dupuit assumption 

and so they computed two dimensional flow in the horizontal plane. 

Although the problem of a moving interface is a non-stationary one only 

Kuiper's computation method was based on non-stationary equations. 

The model can be described as follows (figure 3). 

In an isotropic homogeneous aquifer two types of groundwater flow 

seperated by an interface. The upper domain (freshwater) is bounded by 

the interface, by the vertical impermeable sides and by the semi

permeable toplayer. The lower domain (saltwater) is bounded by the 

interface, by the vertical impermeable sides and by the impermeable 

bottom (base) . On the upper side of the semi-permeable layer four 

square fields are defined, in each of which the potential value is 

constant. In the initial situation the interface is flat, the potential 

values are equal and the fluids are at rest (equilibrium). All the 

properties of the mod,el are given in figure 3. 

At the instant t=O the potential values are changed (figure 3). Both 

the fresh water and the salt water start flowing and the interface 

moves in the direction of its new equilibrium position. 

At the instant t=14 years the potential values again are changed so 

that the water and the interface will move in the opposite directions 

(figure 4). The changes in the shape of the interface have been 

computed for a period of 30 years. 

The covering of the model with triangles is performed as presented in 

figure 5. 
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Figure 6. Interface at t=14 years. 

Figure 7. Interface at t=16 years. 

Figure 8. Interface at t=28 years. 
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4 Results. 

As a consequence of the timestep of 1 year that is used in the computat

ion the shape of the interface is computed at the beginning of each 

year during a period of 30 years. In figure 6 the shape is presented at 

t=14 years as computed by the BIEM. The interface then is almost at its 

equilibrium depth. At t=16 years the interface has moved almost to its 

original flat shape, but it is still moving (figure 7). About 14 years 

after the second change in potential values (so at t=28 years) the 

interface almost reached its second equilibrium shape (figure 8). 

In figure 9 the changes in time are presented of nodal points in 

corners of the interface as marked in figure 5. 

time(years)---+ 

10 15 20 25 30 
40 

~ 
50 

l equilibrium 

! 60 

70 ------
/ 

/ 

80 

' ' ' 
90 -----------

100 
equilibrium 

m} 
110 ~ see points in figure 5 

@) 

Figure 9. Depth versus time of nodal points in corners of the 

interface as marked in figure 5. 

The differences between the lines of the nodal points may be explained 

as follows. The covering of the interface is axis-symmetrical (diagonal) 

but the distribution of the potential values on the toplayer is point

symmetrical (centre of the polders, figure 3). The changes in the nodal 

points of the interface should be point-symmetrical (figures 6,7,8) and 
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therefore the lines in figure 9 should touch the equilibrium depth 

after 14 years after the two changes in the potential values. From the 

preliminary testcalculations these differences could have been expected 

on before hand. But the necessity to use pre- and postprocessors that 

were available at the Delft University of Technology in 1980 caused the 

less optimal results of figure 9. 

From the preliminary testcalculations (De Lange,1983) it appeared that 

computation results in points 2 and 3 (figure 5,9) differ more from the 

exact solution than the results in points 1 and 4. Apart from that the 

results in corners containing a diagonal (point 4) are considerably 

better than in corners without a diagonal (point 1). Therefore the 

results presented by line 4 in figure 9 represent the most accurate 

changes in time of a point in a corner of the interface. This line is 

used in the comparison of chapter 5. 

The differences mentioned above in fact are errors introduced by some 

simplifications we applied in our version of the BIEM. Van Herk (1980) 

applied a different version of the BIEM. That version is more complicat

ed in its basical and numerical equations, but is to be preferred to 

the version applied here in further computations. 

time in years --------+ 
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Figure 10. Depth versus time in a nodal point in a corner of the 

interface as results from FDM (2-d) and BIEM (3-d). 
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5 Comparison. 

Both Schoneveld (1979) and Kuiper (1980) computed the shape of the 

interface at equilibrium in the model of chapter 3. Kuiper also computed 

the changes in the shape of the interface in time after the second 

change in potential values (figure 10) . While Schoneveld used a stat

ionary Finite Element Method, Kuiper wrote a computer code based on 

Finite Difference equations in which he incorporated non-stationarity 

terms. As mentioned before the version of the BIEM applied here is 

based on stationary equations. In all three methods the results in the 

form of the equilibrium shape of the interface corresponds quite well. 

In figure 10 the changes in time are presented of a nodal point in one 

of the corners of the interface. The "3-d" line is line 4 of figure 9. 

Kuiper computed only the second part of this line. The "2-d" line is 

computed in the model of chapter 3 in which both fresh water flow and 

salt water flow is taken into account. The "2-d,neglecting salt water 

flow" line is computed under the condition of a constant potential value 

in the salt water domain. The use of this condition leads to very simple 

equations in the Finite Difference Method. However this line differs 

considerably from the two other lines, which in turn fit closely. This 

will be analysed in chapter 6. 

6 Analyses. 

The agreements and the differences in the computation results as 

represented in the lines of figure 10 will be analysed in this chapter. 

In figure 11 the flowpattern along a side of the model of chapter 3 is 

presented at the moment after the second change in the potential values 

(t=14 years) as computed by the BIEM. In this pattern the fresh water 

mainly flows invertical direction. In the salt water region the flow is 

principally in the horizontal plane. 

The flowvelocity along a streamline depends on the resistance to flow 

along that streamline (and on the difference in the potential values 

at the start and the end). In the appendix this flowpattern is schema

tized in order to calculate the magnitude of the resistance to flow in 
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Figure 11. Flow pattern along a side after the second change in 

boundary conditions at t=14 years computed by BIEM (3-d). 

Figure 12. Flow pattern along a side after the second change in 

boundary conditions at t=14 years computed by FDM (2-d). 

t 

Figure 13. Flow pattern along a side after the second change in 

boundary conditions at t=14 years computed by FDM 

(2-d, constant potential in salt water domain). 

Figure 14. Flow pattern as in figure 11, at t=28 years. 
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the different parts of each streamline. From this calculation it 

appeared that in this model the resistance to flow mainly occurred in 

the vertical flow through the toplayer and in the horizontal flow in the 

salt water domain. The resistance to vertical flow in the aquifer is 

negligible. 

In figure 12 the flow pattern as computed by the Finite Difference 

Method (FDM) from Kuiper (1980) is sketched. The computed flowvelocities 

are in good correspondence with the results of the BIEM. The neglect of 

the vertical flow component in the aquifer hardly influences the 

ultimate results in the changes in the shape of the interface. This 

follows from the analyses of the main appearance of the resistance to 

flow (see appendix) and it can be seen in the results presented in 

figure 10. 

In figure 13 the velocity distribution in the aquifer at t=14 years is 

presented as computed by the FDM using the constant potential assumption 

in the salt water domain. The direction of the flow in the fresh water 

domain of the aquifer is opposite to the expected direction. This is 

caused by the neglect of the flow in the salt water domain. This neglect 

results in neglecting of a main part of the resistance to flow in the 

model. The velocity of the interface therefore is too high, which leads 

to a shift in time of the interface that is too great. This shift of 

the interface causes a deficit of water in each (Finite Difference) 

element at the left hand side in figure 13 and to a surplus in elements 

at the right hand side. The amount of water flowing through the top

layer is less than this deficit (or the surplus) so the fresh water in 

the aquifer will flow in the direction opposite to the expected 

direction. 

In figure 14 the flow pattern at t=30 years is given as computed by the 

BIEM. In this figure it can be seen that the flow in the salt water 

domain almost vanished and therefore the potential value in this domain 

will be almost constant. This explaines the agreement in the lines of 

figure 10 in the period several years after the second change in the 

boundary conditions at the top of the model. 

From this we conclude that in this kind of problems the use of a 

constant potential value in the salt water domain is not permitted in 

studies about the velocity of the interface or of the flow of water. 
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7 Conclusions 

The BIEM is useful in problems concerning changes in the shape of 

boundaries (surfaces, interfaces) of large domains. 

- The results of the BIEM in the problem presented here agree well to 

the results derived by other investigators who used FDM and FEM. 

- The accuracy of the version of the BIEM applied here is dependent on 

the suitability of the covering to the boundary conditions, to the 

geometry of the model and to the required results. 

- The use of the Dupuit assumption in the problem treated here leads to 

acceptable differences in computation results to the results of the 

three dimenional computation. 

- The assumption of a constant potential value in the salt water domain 

may not be used in studies on the velocity of the changes in the 

shape of an interface in models as the one presented here. Its use is 

permitted to compute the shape of the interface at equilibrium. 
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APPENDIX A 

ABOUT THE RESISTANCE TO FLOW IN 

DIFFERENT PARTS OF A STREAMLINE 

NEAR A SIDE OF THE MODEL 

The flow velocities in the model as presented in chapter 3 are 

dependent on the resistance to flow along streamlines. Therefore we 

estimate the flow pattern along one of the sides (figure 11) by the 

schematized pattern of figure A.1 . There the flow is two dimensional 

in the vertical plane. 

L(x) 

I 
I 

.I 

Figure A.1. Schematic representation of the flow pattern along 

one of the sides of the model of chapter 3. 

In figure A.1. a flow pipe is given in the three parts of which the 

loss of potential will be described. In the parts of the flowpipe with 

flow through the semi-permeable toplayer the loss of potential is 

loss1 (A.1) 
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in which 

K permeability of the aquifer 

D "equivalent thickness" of a resistance layer with permeability 

of the aquifer 

In the vertical parts of the flowpipe in the aquifer we have 

loss2 2 * v (x) * H(x) I K 
v 

(A.2) 

And in the horizontal part of the flowpipe in the aquifer the loss of 

potential is 

loss3 (A.3) 

Due to the continuity in the flow pipe we may write 

H I L (A.4) 

With L(x) = 2 * x (figure A.l) the total loss of potenial in the flow

pipe becomes (by summation of A.l , A.2 and A.3) 

loss total 2 * v (x) I K * ( D + (HIL + LIHl * x ) 
v 

(A.S) 

For the sake of simplicity we look at the distribution of the resistan

ce in the flowpipe at x= L I 2, so in the corners of the model. From 

(A.S) the total resistance at x=LI2 is 

R(LI2) ( d + (HIL + LIH) * Ll2 ) I K (A.6) 

The part of the resistance to vertical flow in the aquifer is 

R (LI2) 
av 

HI K (A. 7) 

Approximation of the resistance to flow in the salt water domain yields 

(A.S) 
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in which the part of the resistance to vertical flow is neglected. Then 

with the properties of the model of chapter 3 it follows that 

- About .2 per cent of the total resistance occurs in the vertical flow 

- About 40. per cent of the total resistance occurs in the flow in the 

salt water domain. 

In flowpipes at an other distance x (figure A.l) these figures are 

different but the order of magnitude is the same if the distribution of 

the resistance is taken into account in all flowpipes together. 

From this we conclude that a main part of the resistance is neglected 

if the flow in the salt water domain is not taken into account. 
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