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Abstract 

A steady state model is presented which can be used to study three 

dimensional solute transport in a porous medium in the presence of 

sources and/or sinks. The model takes account of density variations 

due to the solute, and includes the effects of both molecular diffusion 

and velocity dependent mechanical dispersion. An iterative scheme is 

developed which permits the resulting coupled non-linear differential 

equations to be solved using the Galerkin finite element method with 

trilinear cuboid elements. The model is used to investigate the 

effects of well abstraction and aquifer dispersivity on the position 

and thickness of a saline interface in a coastal aquifer. 

Introduction 

This paper describes a three dimensional steady state model which can 

be used to study groundwater quality problems. The model takes account 

of density variations due to the solute and includes the effects of 

both molecular diffusion and a velocity-dependent mechanical 

dispersion. In addition it includes a representation of source and 

sink terms which could for example be used to simulate abstraction. 

The advent of parallel and array processors has made it practicable to 

apply such a model to real problems. 

*Now at: AEE Winfrith, Dorchester, Dorset, DT2 8DH England. 
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The complexity of the groundwater quality problem has led in the past 

to simplifying assumptions being made so that the resulting 

mathematical models would be computationally practicalo A number of 

possible simplifications are discussed below; the present model could 

be used to test the validity of some of these approaches in particular 

cases. 

When the transition zone betweeen the two fluids is narrow relative to 

the scale of the problem, the fluids can be considered as immiscible 

and separated by a sharp interface (Badon-Ghyben, 1889; Herzberg, 1901; 

Henry, 1959). When the transition zone is wider, the effects of 

dispersion must be included in the model. Henry (1964) developed the 

first solution for the steady-state salt distribution which took 

account of dispersion, based on the assumption of a constant dispersive 

mechanism. Subsequent work has shown this to be an oversimplification, 

the dispersive mechanism actually comprises of a (constant) molecular 

diffusion term and a velocity-dependent mechanical dispersion. Rubin 

and Pinder (1977) used a dispersion tensor which was linearly dependent 

on velocity to analyse upconing due to well abstraction. A more 

complex formulation, based on that described by Bear (1979), 

incorporates the effects of matrix geometry as well as groundwater flow 

velocity and has been used extensively (Segal and Pinder, 1976; Frind, 

1982). 

An assumption which is often made in groundwater quality modelling is 

that fluid density is independent of solute concentration, leading to 

an uncoupling of the pressure and concentration equations (Pinder, 

1973). Although this approach is useful in many contaminant transport 

problems, it is of limited value for modelling saline intrusion because 

in this case there is a significant variation of fluid density with 

solute concentration. 

Immiscible flow models have been used by Chandler and McWhorten (1975) 

and Strack (1976) to look at upconing of the interface beneath 

abstraction wells. Since they do not take account of dispersion (which 

results in the wells becoming contaminated more quickly then a sharp 
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interface model would predict) the usefulness of these models is 

limited, indeed Klenke and Thiem (1980) go as far as to state that 

sharp interface models are not applicable when investigating 

abstraction. Analysis of the upconing problem taking account of the 

miscible nature of the two fluids has been addressed by Rubin and 

Pinder (1977). In their study, they described upconing as a migration 

of a sharp interface perturbed by small disturbances due to dispersion. 

In this paper, the regional effect of well abstraction is investigated 

using a representation of the dispersion tensor which includes the 

effects of both molecular diffusion and a velocity - dependent 

mechanical dispersion. The following sections will describe the 

equations governing the flow of water and dispersion of a solute in a 

porous medium when there are sources and/or sinks present, and the 

iterative scheme which has been developed for the solution of these 

equations when a state of dynamic equilibrium exists. To illustrate 

its use, the iterative scheme is used to investigate the effect of well 

abstraction on the position and thickness of a saline interface in an 

idealised coastal aquifer. 

The Governing Equations 

The equations governing the flow of water and dispersion of a solute in 

a porous medium when there are sources and/or sinks present are (Bear, 

1979): 

o(np)/ot - 'V'. (np :!._) + nMp (1) 

o(npf ac)/ot V' [Dh '!___' (npfac] 

- '1/' (npfac:!._) + nMpf ac (2) 

where 

nV _<! (-K'/pg) ('!._' p' - pg V' z') (3) 

p pf (1 + ac) , a (4) 
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The symbols used in these equations are defined in the notation. 

The equations assume that the solute is chemically inert with respect 

to the solid matrix of the porous medium. The final terms on the right 

hand side of equations (1) and (2) simulate the occurrence of source 

and/or sink terms; M is a function of position and time which has 

dimensions [T-1 ]. It is assumed that at all times the solute 

concentration of the source or sink is the same as that of the pore 

fluid at the corresponding point in the porous medium. 

Equations (1) to (4) are valid for the general case of an inhomogeneous 

anisotropic aquifer although the representation of the dispersion 

tensor Dh and the source/sink terms for a particular problem would be 

dependent on the aquifer characteristics and their variability. 

This paper considers the case where the solute and the fluid are in a 

state of dynamic equilibrium at each point in the aquifer. In such a 

case of steady state flow the time derivatives on the left hand sides 

of equations (1) and (2) are both equal to zero and the source term M 

is a function of position only. 

The Iterative Scheme 

Equations (1) and (2) are a pair of coupled equations which must be 

solved simultaneously, subject to suitable boundary conditions, for the 

concentration and pressure. An iterative scheme is proposed which 

converges to the solution of a non-dimensionalised form of the steady 

state version of these equations. The pressure equation is derived by 

substituting from equation (3) into (1) and making use of (4) 

V' . (K' !'p') V' [K'gp (1+ac) V'z'] 
f -

0 

The concentration equation is derived in the following manner. 

Substituting from (4) into (1) and rearranging, 
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- 'V'. (npf ac '!__) 'V'. (npf'!_) -nMpf (l+ac) 

Substituting from this expression into (2) leads to 

\!' • [Dh ~'(nc)] + (1/a) V'. (n '!__)- nM/a 0 

Finally, substituting from (3) into (7) and making use of (4) 

gives the concentration equation, 

V'. (nDh ~'c) (1/agpf) ~·· {[K'/(l+ac)]~'p'} 

- (1/a) V' (K'~'z') + (1/a)nM 

Equations (5) and (8) are non-dimensionalised by putting 

x' hx , 

p' 

y' 

D I 

h 

hy , z' hz 

K' KK 

(6) 

(7) 

(8) 

(9) 

where x, y, z, p, D, K are non-dimensional variables. This leads to 

~ • (K '!_p) 

D d ~ • (nD'!_c) 

~ .[(l+ac)K~z]- (h/K) (1+ac)nM 

(Kh/a)~.{[K/(l+ac)]'!_p} 

- (Kh/a) V. (K ~ z) + (h2/a)nM 

(10) 

(ll) 

The iterative scheme which is used here to solve equations (10) and 

(ll) for the concentration c and the non-dimensionalised pressure p is 

c 
n 
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where the subscript n is the iteration number and the dispersion tensor 

Dn is calculated using the most recent estimate of the pressure. In 

calculating the initial estimates of pressure Po and concentration c 0 , 

these equations are modified by setting Cn-1= 0. The detailed 

derivation of this iterative scheme, with the relaxation factor in 

equation (14) set equal to one, is described by Wikramaratna and Wood 

(1981). They developed the scheme, using a perturbation expansion 

approach, for a problem with constant hydraulic conductivity and no 

source/sink terms. Under certain conditions the iterative scheme failed 

to converge. To overcome this problem Wikramaratna and Wood (1983) 

introduced the relaxation factor w as in equation (14); they found a 

relaxation factor of w = 0.5 led to convergence in all numerical 

experiments carried out. In this study it has been found that under 

certain circumstances, in the presence of abstraction, the value of w 

has to be further reduced to 0.2 to ensure convergence. The 

convergence criterion used by Wikramaratna and Wood (1983) was that 

max(cn*-cn_
1

) < 0.01 where the maximum was taken over the nodal values. 

The same criterion has been used here. The iterative scheme presented 

above has the advantage over the more commonly used technique of 

approaching the steady state through a series of time steps (Segol, et 

al 1975; Segol and Pinder, 1976) that it does not require the transient 

nature of the system to be modelled. Convergence is usually achieved 

in less than 25 iterations. 

The Test Problem 

The method is illustrated on a test problem which represents a series 

of equally spaced wells in a line parallel to the coast. All the wells 

abstract water at an equal rate from a confined, homogeneous, isotropic 

aquifer. The symmetry of the problem means that with a suitable choice 

of boundary conditions only part of the aquifer needs to be modelled. 

This is illustrated in plan in Figure 1. The part of the aquifer which 

has actually been simulated is shown in Figure 2. 
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Figure 1 Plan view of a coastal 
aquifer with abstraction wells 
showing the extent of the 
modelled area. 

Figure 2 Schematic view of 
model showing notation and 
orientation of coordinate axes. 

The boundary conditions on the top and bottom surfaces and at the 

coastal and inland ends of the model correspond to those used by 

Wikramaratna and Wood (1981, 1983) in modelling a two-dimensional 

vertical slice of the aquifer, equivalent to OBCD, with no 

abstraction. The boundary conditions on the sides of the model are 

that there is no flow of water or transport of salt across these 

boundaries. Taking the aquifer thickness (distance BC) equal to h, the 

depth parameter used in (9) for non-dimensionalising the equations, the 

non-dimensional boundary conditions are 

p ( l+a) (z -z) 
0 

on ODD'O' 

p z
1 

-z on BCC'B' 

op/oz 1+ac on OBB'O' and DCC'D' (15) 

op/oy 0 on OBCD and O'B'C'D' 

c on ODD'O' 

c 0 on BCC'B' 

oc/oz 0 on OBB'O' and DCC'D' (16) 

oc/dy 0 on OBCD and O'B'C'D' 
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These boundary conditions imply that the top and bottom confining 

layers are horizontal, that the coastal and inland ends are 

sufficiently removed from the areas where significant changes in salt 

concentration occur and that the pressure distributions on these ends 

are hydrostatic. In applying the model to a practical problem the 

boundary conditions will need to be modified on the basis of available 

data. Following Bear (1979) the non-dimensionalised hydrodynamic 

dispersion tensor D is written as 

D D '/D = I + D* 
h d 

(17) 

where D* represents the mechanical dispersion and I is the 3 x 3 

identity matrix. For an isotropic porous medium the dispersivity can be 

related to two constants aL and aT the longitudinal and transverse 

* dispersivities of the porous medium. Thus the components Dij of the 

tensor D* can be expressed as 

Dll (1/Dd) [a LV 
2 + a (V 2 + V 2)]/IVI 
X T y z 

D12 D21 (1/Dd) (aL -aT) V V /lVI 
X y 

D13 D31 (1/Dd) (aL -aT) VxV
2

/IVI (18) 

D22 (1/Dd) [aL v 2 + aT(vx2 + V 2)]/IVI y z 

D23 D32 (1/D d) (aL- aT) VYV
2

/IVI 

D33 (1/Dd) [aLV 2 + aT(V 2 + V 2)]/IVI 
Z X y 

where Vis as defined in equation (3). 

Wikramaratna and Wood (1981) discuss various ways in which the 

dispersivities aL and aT may be represented. In this work they are 

taken as proportional to the aquifer thickness. Following Wikramaratna 

and Wood (1983), the coefficient of molecular diffusion in the porous 

medium, D , is taken as 10-9m2s-1 • An abstraction well at point (xw,yw) 

is represented as a line source be tween (xw' y w' z t) and (xw, Y w' z b) 
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where Zt and zb are respectively the depths of the top and bottom 
the well screen. The rate of abstraction Q is non-dimensionalised as 

q (19) 

The strength of a line source corresponding to this abstraction well 

Will be -q O(x-xw, y-yw)/(zb-Zt) per unit length in the z-direction 

where 6 is the Dirac delta function. If the well is located on one of 

the side boundaries, only half the effect of the abstraction will be 

felt within the modelled area. The well representation is applicable 

both to partially and fully penetrating wells. If there is more than 

one abstraction well, their combined effect is represented as the sum 

of the appropriate line sources. The boundary conditions and the 

representation of the dispersion tensor and abstraction wells described 

above are dependent on the isotropic and homogeneous nature of the 

aquifer. With suitable representations of these, both the model and 

the iterative scheme are equally valid for an inhomogeneous anisotropic 

aquifer. 

The results presented in the next section for the test problem were 

obtained by solving equations (12) and (13) using the Galerkin finite 

element method (Strang and Fix, 1973; Pinder and Frind, 1972) with 

isoparametric cuboid elements and trilinear basis functions. 

Vertically the grid had six elements of equal thickness. The areal 

grid, which was the same in each layer, is illustrated in figure 3; 

the grid is made up of 19 x 5 rectangular elements, with a closer 

spacing in the vicinity of the coast and of the production well. 

The following parameter values (see figure 2) are common to all the 

results presented below. 

h lOOm, K O.OOlms- 1 8.64m/day 

L Sh SO Om, n 0.4 

w 2h 200m, a 0.02 

X 2.Sh 250m, D lo-9m2s- 1 
w 

Yw 0 
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0.3h 1--+--4-1-1-+-+-+--+--+-+++++-+--+---if----j------l 

Figure 3. 

Abstraction well 

Plan view of the modelled grid used for the 

examples. 

The values taken by the remaining parameters (Q,aL and aT) 

for each of the runs considered are given in the discussion of results 

which follows. 

Results 

In the absence of abstraction and with the given boundary conditions, 

both the pressure and concentration solutions are independent of the y 

coordinate and should show no variation parallel to the coast. This 

situation is represented in Run A by setting the abstraction rate Q=O. 

For this control run, values for the dispersivities were taken as 

h/10 lOrn lm (20) 

Figure 4 shows the concentration solution for a vertical section 

perpendicular to the coast (y =constant); as expected the solutions 

for all such sections are identical, corresponding to the solutions 

obtained by Wikramaratna and Wood (1983) for their two-dimensional 

model with no abstraction. 

In the absence of abstraction, convergence is achieved in both the two-
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and three- dimensional models with a relaxation factor w = 0.5. 

One aim of this study has been to investigate the effect of 

abstraction on the position of a saline interface. This is illustrated 

by Run B, which was identical to Run A except that it had an 

abstraction rate of Q = .005 m3s- 1 (equivalent to 432m 3/day), With 

this abstraction rate it was found that convergence was only achieved 

by reducing the value of w; a value of w = 0.2 gave satisfactory 

convergence of the iteration. The effect of abstraction is illustrated 

by sections in the three principal directions showing the c = 0.25, 0.5 

and 0.75 isochlors. Figure 5 (a), (b) and (c) show the concentration 

solution in vertical sections perpendicular to the coast at y = 0, h 

and 2h respectively. Figure 6 shows this solution in a horizontal 

section at z = 0.5h, while Figures 7 (a) and (b) show vertical sections 

parallel to the coast at x = O.Sh and 2h; in Figures 6 and 7, the 

positions of the corresponding isochlors for Run A are shown as dashed 

lines (in Figure 7 (b) no dashed line appears since in Run A the 

concentration throughout this section was less than 0.25). 

A comparison of Figures 4 and 5 shows that the effect of the 

abstraction is to draw the isochlors inland. This effect is most 

marked in the section 5 (a) which passes through the well; the 

smallest effect is seen in section 5 (c), which falls on the plane y = 
2h corresponding to the mid-point between two wells. The same effect 

is shown in a horizontal section in Figure 6. 

Figure 7 (a) and (b) illustrate upconing due to the abstraction; this 

effect is more pronounced in Figure 7 (b) which is closer to the well. 

The corresponding section through the well is not shown since the 

concentration is less than 0.25 throughout this section. 

Further runs have been made to investigate the effect of dispersivity 

values on the position and thickness of the saline interface. It was 

found that the result of increased dispersivity is a steeper interface 

with greater inland penetration at the top of the aquifer but 

significantly less inland penetration at the aquifer base. Increasing 

the dispersivity also results in an increase in interface thickness, as 

well as a less noticeable variation in the solution parallel to the 

coast. 
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Figure 4 

Figure 5 

0·75 0·5 0·25 

Vertical section perpendicular to the coast through 

y=O showing the 0.25, 0.5 and 0.75 isochlors for 

Run A (no abstraction, ~ = 1Om, <i.r = lm) • 

(}75 0·5 

lal Y-0 

[b] y-h 

0·75 0·5 (}25 

lei y-2h 

Vertical sections perpendicular to the coast through 

y=O, h and 2h showing isochlors for Run B 

(abstraction rate .005 m3s-1 , aL =10m, aT lm). 
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COAST 

[C-1) 

Figure 6 

ABSTRACTION WELL 
0·75 0·5 0·25 

Horizontal section through z = O.Sh showing isochlors 

for Run A (broken lines) and Run B (solid lines). 

~u---- f: 
~---~-----+-

OJ [a] x-0·8h lblx-2h 

Figure 7 View from inland of vertical sections parallel to the 

coast through x = 0.8h and x 2h showing isochlors for 

Run A (broken lines) and Run B (solid lines). 
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Conclusions 

Equations have been presented which simulate the effect of sources and 

sinks on the flow of fluid and dispersion of solute in an inhomogeneous 

anisotropic aquifer in three dimensions. Within these equations the 

representation of the hydrodynamic dispersion tensor includes the 

effect of both the molecular diffusion and velocity dependent 

mechanical dispersion. 

An iterative scheme has been developed which, with the appropriate 

boundary conditions and representations of the source/sink terms, 

allows these equations to be solved for the distributions of 

concentration and pressure within the aquifer.The method has been 

illustrated on a test problem which was used to investigate (a) the 

effects of well abstraction and (b) the effect of the choice of 

dispersivities (aL and aT) on the position and thickness of a three

dimensional saline interface within a homogeneous isotropic aquifer. 

The main effects of abstraction are an upconing of the interface, 

drawing the isochlors inland; these effects become more pronounced as 

the well is approached. 

The effect of increased dispersivity is a steeper and thicker saline 

interface with greater inland penetration at the top of the aquifer and 

less inland penetration at the aquifer base. 

Results from the test problem agree qualitatively with both field 

observations and simple theoretical models. This agreement will allow 

the model to be used with confidence to study more complex practical 

saline intrusion problems in the future. The results obtained with 

different dispersivities show the importance of obtaining good data 

concerning vertical variations in salinity to allow calibration of the 

model. 
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ps 
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Dd 

Notation 

' y'' z' 

x, y, z, p, D, K 

w 

D* 

q 

porosity (dimensionless) 

fluid density (ML- 3) 

= ( 
0 0 

~z' ) ox' oy' 

= ( 
0 0 0 ) OX oy oz 

velocity vector (LT- 1) 

density of fresh water (ML- 3 ) 

solute concentration (dimensionless) 

tensor coefficient of hydrodynamic dispersion 

(L2 r-1) 

velocity vector, _s_ = n~ (LT- 1) 

hydraulic conductivity tensor (LT- 1 ) 

acceleration due to gravity (LT- 2) 

pressure (ML- 1 T- 2) 

model coordinate system (L) 

maximum density of solute present (ML- 3) 

thickness of aquifer (L) 

mean hydraulic conductivity (LT-1) 

coefficient of molecular diffusion for solute in the 

aquifer (L2 T- 1) 

non-dimensionalised variables corresponding to 

x' , y' , z ' , p' , Db. ' and K' 

relaxation factor 

non-dimensionalised head at coastal end of aquifer 
non-dimensionalised head at inland end of aquifer 

non-dimensionalised mechanical dispersion tensor 

longitudinal and transverse dispersitivites (L) 

abstraction rate (L 3 T- 1) 

non-dimensionalised abstraction rate 
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