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Partially penetrating wells in a Dupuit type 
fresh I salt finite-element model 

J.P. van der EEM* 

ABSTRACT 

For calculation of the regional position of the (sharp) interface between fresh and saline water, finite
element models with a Dupuit-Forchheimer assumption can be used. The resistance to vertical flow in an 
aquifer is assumed zero in such models. When, however, a partially penetrating well is abstracting (or 
infiltrating) water in the fresh-water zone directly on top of the salt-water layer, then the assumption 
can lead to a largely overestimated upconing (or depressing) of the interface. In order to ~t a more 
realistic impression of the position of the interface around the well, it is possible to compute the local 
vertical resistance analytically, and to take the results into account in the finite-element computations. 

The adapted finite-element model was tested using semi-analytical, two-dimensional solutions obtained with 
the vortex method. Indeed the adaption reduced the movement of the interface and showed results that 
agreed well with the vortex-solution. Still some differences were found, which can be explained. 
Finally, a semi-three-dimensional computation was made for the position of the interface at a deep-well 
infiltration system with one line of infiltration wells centred between lines of abstraction wells. 

1. INTRODUCTION 

In order to level out water-quality fluctuations, 
to guarantee a bacteriologically sound water and 
to create a fresh-water storage, pretreated sur
face water is artificially recharged in the Dutch 
coastal areas. Whereas in earlier times ponds and 
canals were used, nowadays recharge by means of 
wells seems more appropriate. The environmental 
impact of deep-well infiltration is small compared 
with surface infiltration. 

The occurrence of brackish and salt water at 
greater depth is one of the major problems en
countered when employing the technique of deep
well infiltration. Great care has· to be taken in 
infiltrating and abstracting water to prevent 
upconing of salt water under the abstraction 
means. A mixing of 2 % salt water with fresh 
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water can turn the abstracted water into a raw 
material quite useless for drinking-water produc
tion. 

Modelling the behaviour of the brackish and salt 
water under the stresses imposed by deep-well 
infiltration systems would involve the application 
of 3-dimensional solute transport models. Yet, 
because of the practical problems using such 
complex models, they are not very well suited for 
gaining understanding of the influence of well 
design and flow parameters on the occurrence of 
upconing. The research carried out by the 
Dutch waterworks and the KIWA research institute 
consequently focuses on applying a large variety 
of convenient techniques on flow problems at 
deep-well infiltration systems, such as : 
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- analytical solutions, 
- analytical 3-D flow models (no density flow), 
- ·2-D stream-function models, 
- 2-D vortex models, 
- 2-D solute transport models. 

These techniques simplify the actual flow problem 
by ignoring density flow or by reducing the 
dimensionality of the problem. Analytical solu
tions are only valid for a limited number of 
situations. To get a 3-dimensional impression of 
the behaviour of the interface between fresh and 
salt water one can use a semi-3-dimensional finite 
element method (BEAR i VERRUIJT, 1987). The 
position of the interface is computed assuming the 
interface to be abrupt and neglecting the resis
tance to vertical flow in the· aquifers (Dupuit
Forchheimer assumption) . Models based on this 
technique show fine results in regional studies. 
On a local scale, disregarding the effect of partial 
penetration of well screens causes the displace
ment of the interface under infiltration and ab
straction wells to be overestimated. The finite 
element models can be improved by analytically 
computing the deviation of the 'real' average 
velocities in the fresh- and salt-water zones from 
the 'Dupuit' velocities and incorporating these 
deviations in the flow equations. The technique 
is explained below. 
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2. PROBLEM DEFINITION 

The pressure distribution, caused by a partially 
penetrating well in an aquifer containing fresh 
and salt water, is shown in fig. 1. Without 
abstraction there is a hydrostatic pressure distri
bution (line a). The pressure gradient in verti
cal direction shows a jump at the interface, due 
to density differences between fresh and salt 
water. Abstraction induces a horizontal pressure 
gradient (lines b and c) which is largest at the 
level of the filter screen and decreases towards 
the sides of the aquifer. 

In finite-element models applying the Dupuit
Forchheimer approach (abbreviated as Dupuit-type 
models), the pressure distribution remains hydro
static, even during abstraction (fig. 2). So the 
pressure distribution at any location can be fully 
described by just one single pressure value. 

As can be seen from figs 1 and 2 the average 
horizontal pressure gradient in the salt-water 
layer in the case of the Dupuit approach is 
greater -than the actual pressure gradient. Thus 
average fJow velocities in the salt-water layer are 
greater tdq. Straight under the well there will 
be no flow · (symmetry). Thus salt water flowing 
towards the well has te bo stored by a rising of 
the interface between fresh and salt water. 
Because of the greater salt-water fluxes in case 
of the Dupuit approach, the rise of the interface 
(upconing) will be overestimated. 

o: Q=o 1 r=r 
b: Q=Q 0 , r=r1 
c: Q=Q. 1 r=r2 { r2:or1 I 

p 

Fig. 1. Pressure distribUtion due to abstraction by a partially penetrating well 
in an aquifer containing fresh and salt water. 
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a: Q=o 1 r=r 
b: Q=Q. 1 r=r1 
~: Q=Q. ; r=r 2 ( r 2 .. r 1 l 
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Fig. 2. Pressure distribution in an aquifer containing fresh and salt water, 

assuming no resistance to vertical flow. 

a: O=o ; r-r 
b: C=O. ; r=rs 
c: C=a. 1 r=r1 I r2"'r1 l 
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Fig. 3. Pressure distribution in an aquifer containing fresh and salt water; 
separate (hydrostatic) pressure levels for fresh- and salt-water zones 

(dashed lines : 'Dupuit' pressure distribution). 

3. SOLUTION 

A way to solve the problem sketched in the 
preceding section is to work with two flow 'poten
tials' instead of one (fig. 3). For the fresh- and 
salt-water zones separate hydrostatic-pressure 
levels are defined, in such a way that the avera
ge horizontal fluxes in both zones equal the real 
average fluxes. If the flow terms in the fresh-

and salt-water layers are computed correctly, 
continuity states that the amount of upconing is 
computed correctly too. Yet, how do we compute 
the two pressure levels ? 

Let us first redefine the problem in terms of 
fresh-water heads (fresh-water head is the head 
that would have been measured if the observation 
well had contained only fresh water; it shows an 
unambiguous relationship with pressures and 
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Fig. 4. Actual, 'Dupuit' and adapted fresh-water heads due to abstraction 
by a partially penetrating well in an aquifer 

containing fresh and salt water. 
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therefore can be used in case of density flow). confined flow if the characteristic 
The head in the fresh-water zone will be constant formation >.»H; >. = r'kHC) 

length of the 

under the Dupuit assumption and will vary linear- Q r 
ly with depth in the salt-water zone. The actual +(r,z) • 2nkH·Ko("X) + 
( ~ ) , 'Dupuit' and adapted fresh-water heads are 
sh8wn in fig. 4. 

At a certain distance from the well we define a 
hydrostratic fresh-water head ~ for the complete 
aquifer (chosen at the top of the aquifer) and 
hydrostatic fresh-water heads ~ f and ~ s for the 
fresh- and salt-water layers. The differences 
between the heads are indicated as t. ~{ and t. ~ ; 
6 .p is the difference between the ac ual fres:fl
wafer head .p at the interface and .p. 

a 

6 .p and 6 .p can be deduced from an analytical 
solhtion fors a partially penetrating well in a 
confined aquifer (KRUSEMAN l DE RIDDER, 1970) 
(see fig. 5; the formula is also valid for semi-
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Fig. 5. 

r f//L///L//<'L// 
I I 
I : 
I ' 
I ' 
I : 
l._.J_ 

z 

L 

b 

a 

Partially penetrating well in a semi
confined aquifer. 
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The first term in this expression is the head for 
fully penetrating wells. So the difference in head 
due to a partially penetrating well screen is given 
by the second term in the expression. For the 
average difference in head over the fresh-water 
zone we find 

H 

o+f- (H~h)·J~+pp(r,z)dz 
h 

In the same way we find the other correction 
terms : 

and 
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Once A+ f' A+ and A+ are known we can com- A similar expression can be found for the salt
pute the flules in tl~e fresh- and salt-water water layer (a. being the relative density diffe
zones. The equations will be worked out in renee between fresh and salt water ( P s - P f)/ 
cartesian co-ordinates, as most finite-element p f) : 
models are based on this axes system. The 
derivations are expressed in one dimension only. 
The final results will be shown for the 2-dimen- 0s ( x) 
sional case. For the flux in the fresh-water zone 
we can write (hydraulic conductivity k; specific 
discharge v) : 

H 

Of(x) • Jv(x,z)dz 

h 

H 

-k·J6!<+a<x,z))dz 

h 

h 

• Jvcx,z)dz 

0 

h 

• -k·J6!c+aCx,z))dz 
0 

h 

• -k·{c&J+a(x,z)dz 
0 

Applying Leibniz's theorem for differentiation of • -k • { (i~ ( h < + s +Is edt)) - +a C x • h)~~} 
an integral gives : 

H 

• -k·{~J+a<x,z)dz 
h 

Since ~f represents the average fresh-water head 
over the fresh-water zone, we can write : 

Partial differentiation yields 

Writing ~ f as the sum of the 'Dupuit' fresh-water 
head and the correction term A ¢1 f' and substitu
ting tji+A¢1h for +a (x,h) we finally find 

d( ++~+£) dh 
Qf(x) • -k(H-h) dx + k(++~+fldi-

dh 
k(++~+h)dx 

d+ d 6+f dh 
-k(H-h)dx - k(H-h)-ax- + k(~+f-6+h>dx 

~ - - - - - - - - - - ~ 

due to partial penetration 

d+s dh dh dh 
• -kh~ - ~kh--- - k+ ·--- + k+a(x,h)dx ax dx s dx 

.. -khd+ - ~khdh 
dx dx 

d6+s dh 
- kh-ax- - k(~+s-6+h)dx 
~ - - - - - - - - ~ 

due to partial penetration 

Note that the hydrostatic fresh-water head + is 
taken at the top of the salt-water layer. 'the 
average fresh-water head in this layer therefore 
becomes + + 1/2ah. 

s 

Combining the expressions for the fluxes with the 
continuity equation, yields the following equations 
for semi-confined flow in an aquifer with an 
impervious base and a semi-pervious layer on top 
(£ is the 'storage coefficient for interface move
ment'; c the resistance of the semi-pervious layer 
and +' the head in the adjoining aquifer) : 

h<z<H -&~~ • div(k(H-h)•grad(t)) - +~+' 
+ div(k(H-h)•grad(6tf)) 

- div(k(6tf-6th)•grad(h)) 

O<z<h £~~ • div(kh·grad(t)) + div(~kh•grad(h ) 
+ div(kh·grad(6t

5
) 

+ div(k(6+
6
-6+h)•grad(h)) 
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The extra terms due to partial penetration can be 
implemented in the finite-element model by compu
ting fl4l f' fl ~ and fl ~h analytically for each node 
at the tieginnfng of a numerical time-step. 

Fig. 6. Test case#l : Infiltration and abstrac
tion by means of drains in a confined aquifer 

(2-dimensional problem). 
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4. TEST CASES 

Two test cases will be described, both concerning 
a deep-well infiltration system. The first case 
deals with a 2-dimensional problem. Results are 
compared with semi-analytical solutions obtained 
with the vortex method (PETERS, 1987). The 
second case is 3-dimensional to show the possibi
lities of the fresh-/salt-finite element models 
described in this paper. For this problem no 
analytical solution is known. 

4.1. Case 1 

The problem is outlined in fig. 6. An infiltration 
drain is located in the middle of the fresh-water 
layer and screened on both sides by abstraction 
drains, positioned high in the aquifer to prevent 
upconing. 

The positions of the interface after one year of 
infiltration and abstraction, as computed with 
vortices, the Dupuit-type finite-element method 
(FEM) and the adapted Dupuit-type finite-element 
method are shown in fig. 7. The vortex solution 
can be used as a reference. From the figure it 
is clear that the Dupuit-type model overestimates 
the displacement of the interface. Furthermore 
the shape of the interface is linear compared with 

~~~----------------r----------------------------------, 
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0 46 
c: 
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.iii 
0 
a. 42.5 legend 

o = Vortices 
.a.= FEM-Dupuit 
+ = FEM-Dupuit adopted 

40~--------r-------~---------r---------r--------~------~ 0 ~ ~ ~ ~ ~ ~ 

distance from infiltration drain (m) 

Fig. 7. Position of the interface after one year of infiltration and abstraction (case#l). 
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the correct solution. The adapted model on the 
other hand underestimates the displacement of the 
interface. How come ? 

The influence of partial penetration is taken into 
account. Yet, what is not accounted for is that 
an inclined interface tends to rotate to a hori
zontal position and that this tendency causes a 
3-dimensional flow pattern and pressure distribu
tion. However, because we are using a Dupuit
type finite-element model, the influence of an 
inclined interface is also handled adapting the 
Dupuit-Forchheimer assumption. This approach 
induces errors as can be illustrated by looking at 
flow velocities near the interface between fresh 
and salt water (fig. 8). If the interface is 
inclined, the velocities in fresh- and salt-water 
zones will not be equal, the difference being 
proportional to the sine of 13 (the angle of incli
nation) (de JOSSELIN de JONG, 1960). Yet, by 
applying the Dupuit-Forchheimer assumption a 
shear flow proportional to the tangent of S is 
found. So, since we ignore the resistance to 
vertical flow, the strength by which an inclined 
interface tends to rotate back to a horizontal 
position is assigned too high a value . This will 
lead to a reduced displacement of the interface. 
(A simple additional test case was made with only 
one abstraction drain and an imaginary interface 
between zones of equal density, thus eliminating 
the influence of an inclined interface on the 
pressure distribution; the results of the adapted 
model matched excellently with the vortex solu
tion.) 

52.5 

J.P. VANDER EEM 

Fig. 8. Shear flow near the interface between 
fresh and salt water. 

Although the adaptation for partial penetration 
does not result in exact solutions, the benefit of 
the adapted model can be seen from figs 9 and 
10. The figures show the position of the inter
face below infiltration and · abstraction means as a 
function of time. The behaviour of the interface 
is far better described with the adapted model 
than with the original one. The adapted model 
computes the initial velocities of the interface 
exactly, whereas the Dupuit-model shows veloci
ties that are 5 to 15 times greater. Moreover, 
especially the behaviour of the interface under 
the abstraction means is computed more accurately 
with the adapted model. 

legend 
o =Vortices 
to = FEM-Dupuit "' = FEM-Dupuit adopted 
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Fig. 9. Position of the interface below the infiltration drain as a function of time (case#;1). 
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+ = FEM-Dupuit adopted 
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time (d) 

Fig. 10. Position of the interface below the abstraction drain as a function of time (case #:1). 

4.2. Case 2 5. CONCLUSIONS 

The programs based on the finite-element method 
are especially suitable for determination of the 
3-dimensional position of the (sharp) interface 
between fresh and salt water, as indicated in the 
introduction. The second test case therefore 
deals with a 3-D problem (fig. 11). An infinitely 
long line of infiltration wells with long filter 
screens is bounded by two lines of abstraction 
wells with relatively short screens. Because of 
symmetry the problem can be solved by applying 
the finite-element method to the shaded area in 
fig. 11. 

The results are shown in fig. 12. The interfaces 
after one year of infiltration and abstraction are 
drawn with the vertical scale expanded by a 
factor 3, the viewpoint being (-50, -100, 20). 
The projected contours are taken at regular 
intervals of 0, 5 metre (dashed lines). The solid 
lines indicate multiples of 2, 5 metre. 

In the Dupuit case a large displacement of the 
interface is computed under the infiltration and 
abstraction wells (approximately 9 and 2,5 metre). 
The interface as determined with the adapted 
model shows no local well effects at all. It is 
smoothly pushed down for about 2 and 1 metre 
under the lines of infiltration and abstraction 
wells. 

The influence of partial penetration of well 
screens can be taken into account in Dupuit-type 
models by computing the differences in flow 
velocities due to fully and partially penetrating 
wells analytically. The finite-element model 
adapted in such a way shows a tendency to 
underestimate the displacement of the interface 
between fresh and salt water. This is explained 
by the fact that the influence of an inclined 
interface on the flow field is dealt with according 
to the Dupuit-Forchheimer approach, although the 
influence is 3-dimensional. 

Thus, applying the adapted model implies that the 
user has to be aware of this restriction. If so, 
the model can be of use to get a better under
standing of the way the interface will respond to 
stresses imposed on it. 
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Fig. 11. Test case #2 : Infiltration and abstrac
tion by means of infinitely long lines of wells in a 

confined aquifer (3-dimensional problem). 
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