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ABSTRACT 

A comparison of different methods for representing 
the hydrodynamic tensor in numerical models 

C.E. REEVE* 

In coastal aquifers where the width of the transition zone between the heavier salt water and the over
lying lighter fresh water is large relative to the thickness of the aquifer the effect of dispersion needs 
to be considered. Numerical models of these aquifers simulate this effect through a term representing 
hydrodynamic dispersion. Over the last 30 years, a number of methods for representing this term have 
been reported. In this study, a numerical model is used to compare three of these methods both in the 
presence and absence of well abstraction. -

A steady-state model is utilized which takes account of density variations due to the salt. The model is 
used to simulate flow in a 2-D vertical section of aquifer perpendicular to the coast. Spatial discreti
sation is carried out using the Galerkin Finite Element method with linear basis functions and isoparame
tric quadrilaterals. The abstraction well is represented as a line source which extends throughout the 
depth of the confined, homogeneous, isotropic aquifer which is simulated. 

The hydrodynamic dispersion tensor is represented as being constant, linearly dependent on the flow 
velocity perpendicular to the coast and by the method described by Bear. 

1. INTRODUCTION 

When the transition zone between the fresh and 
salt water that occurs in a coastal aquifer is 
narrow relative to the scale of the problem, the 
fluids can be considered as immiscible and sepa
rated by a sharp interface (BADON-GHYBEN, 
1889; HERZBERG, 1901; HENRY, 1959). 

When the transition zone is wider, as is the case 
when well abstraction takes place, the effects of 
dispersion must be included in the model. Dis
persion is usually expressed as a Fickian type law 
incorporating the hydrodynamic dispersion tensor. 

HENRY (1964) developed the first solution for the 
steady-state salt distribution which took account 

• 

of dispersion, based on the assumption of a 
constant dispersive mechanism. 

Subsequent work has shown this to be an over
simplification, the dispersive mechanism actually 
comprises a (constant) molecular diffusion term 
and a velocity-dependent mechanical dispersion. 
RUBIN Ill PINDER (1977) used a dispersion tensor 
which was linearly dependent on velocity to 
analyse up coning due to well abstraction. 

A more complex formulation, based on that de
scribed by BEAR (1979), incorporates the effects 
of matrix geometry as well as groundwater flow 
velocity and has been extensively used (SEGOL a. 
PINDER, 1976; FRIND, 1982) . 
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The generally accepted and widely used version 
of representation described by BEAR relates the 
components of the dispersion tensor to the flow 
velocity through two length scales known as 
dispersivities. Originally these parameters were 
conceived as constants but, more recent investi
gations seem to indicate that dispersivities can 
vary with the time or scale of the problem. 
Because of the perplexing problem of scale-depen
dent dispersivities TOL\IPSON & GRAY (1986) have 
developed a new, more general, representation of 
dispersion. This approach replaces the term 
which represents dispersion in the macroscopic 
transport equation by a new variable. Averaging 
methodology is then utilized to generate a sepa
rate balance equation for this variable . 

In this paper a numerical model is used to inves
tigate, both in the presence and absence of well 
abstraction, the effect of representing the hydro
dynamic dispersion tensor as constant, linearly 
dependent on velocity and by the method descri
bed by BEAR. The effect of varying the absolu
te magnitude of the resulting dispersion coeffi
cient is also investigated. 

2. THEORY 

2.1. The governing equations 

The equations governing the two-dimensional, 
steady-state flow of water and dispersion of salt 
in a porous medium when there are sources 
and/or sinks present, are (BEAR, 1979) : 

- £'.(n p Y> + nMp = 0 (1) 

V' (D 'V'(np ac)) V'(np acV) - h- f - _ f -

+ nMpf ac = 0 (2) 

where 

n y = g = (-k'/pg) (Y' p' - pg Y' z') (3) 

The symbols used in these equations are defined 
in the notation. 

The equations assume that the salt is chemically 
inert with respect to the solid matrix of the 
porous medium. The final terms on the left-hand 
side of equations (1) and (2) simulate the occur-
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renee of source and/ or sink terms; M is a func
tion of position which has dimensions (T -1). 

Equations (1) to (4) are valid for the general 
case of an heterogeneous anisotropic aquifer 
although the representation of the dispersion 
tensor Dh' and the source/sink terms for a parti
cular problem would be dependent on the aquifer 
characteristics and their variability. 

WIKRAMARATNA & REEVE (1986) described the 
derivation of the following iterative scheme which 
can be used to solve these equations for the 
concentration c and the non-dimensionalised 
pressure p, 

V. (K V p ) = 
- - n 

.Y,( (1+acn_
1
> K 2 z ) - (h/K) nM (l+acn_

1
) (5) 

Dd V (n D V c *) = 
- n - n 

Kh/(1 + a c ) V c * (K _V z) -
n-1 - n 

(h K K/(1 + a c )2) V p V c 
n-1 - n n* (6) 

c = we * + (1 - w) c 
1 n n n- (7) 

where x, z, p, D and K are non-dimensional 
variables defined by 

x = x'/h 

p = p'/{pf gh) 

z = z'/h 

D = D '/D 
h d 

}
{8) 

K = K'/K 

In equations (5) to (7) subscript n is the itera
tion number and the dispersion tensor D is 
calculated using the most recent estimate of the 
pressure. In calculating the initial estimates of 
pressure p and concentration c these equations 
are modifie8 by setting c 

1 
= 0 ,

0 

n-

The convergence criterion used in this study was 
that max ( c * = c 1) :ri 0, 01 where the maximum 

n n-
was taken over the nodal values. 

2.2. Boundary conditions · 

The upper part and lower boundaries of the 
vertical section of aquifer being simulated, are 
assumed to be horizontal confining layers. The 
coastal and inland ends are sufficiently removed 
from the areas where significant changes in salt 
concentration occur. At the coastal end fully 
mixed salt water is present in the aquifer and at 
the inland end the aquifer contains fresh water. 
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Fig. 1. Schematic view of modelled aquifer 
showing notation and orientation of co-ordinate 

axes. 

The pressure distributions on these ends are 
assumed to be hydrostatic. The part of the 
aquifer simulated is shown in fig. 1. 

Taking the aquifer thickness (distance BC) equal 
to h, the depth parameter used in equation (8) 

for non-dimensionalising the equations, the non
dimensional boundary conditions are : 

p = (1 + a) (z - z) 
0 

p = z1 - z 

ap 
(1 + ac) -= 

az 

c = 1 

c = 0 

ac 
rz = o 

2.3. Representation of the 
abstraction well 

on OD } 

on BC } (9) 

on OB and DC } 

on OD } 

on BC }(10) 

on OB and DC } 

An abstraction well at point x is represented as 
w 

a line source between (x , zt) and (x , zb) 
where z and z are resp'gctively the de~ths of 
the top ~nd botPom of the well screen. The rate 
of abstraction Q is non-dimensionalised as : 

(11) 

The strength of a line source corresponding to 
this abstraction well will be -q O(x - x ) I (zb -zt) 
per unit length in the z-direction wher: o is Uie 
Dirac Delta function. 

If there is more than one abstraction well their 
combined effect is represented as the sum of 
appropriate line sources. 

2.4. Solution technique 

Equations (5) and (6) were solved numerically 
using the Galerkin Finite Element method 
(STRANG & FIX, 1973; PINDER & FRIND, 1972) 
with isoparametric quadrilaterals and bilinear 
basis functions. Vertically the grid consisted of 
six elements of equal thickness. The horizontal 
grid varied according to wether or not an ab
straction well was simulated. In both cases the 
grid was finer near the coastal end since rapid 
changes in salt concentration were anticipated in 
this region. When an abstraction well was simula
ted, the grid was finer in the vicinity of the well 
to accomodate the anticipated steeper hydraulic 
and concentration gradients. A typical grid used 
for simulating abstraction is shown in fig . 2. 

3. APPLICATION 

Saline intrusion in a vertical section of a confi
ned, homogeneous, isotropic coastal aquifer was 
simulated. This section was perpendicular to the 
coast. 

The hydrodynamic dispersion tensor, 
represented as 

D 
D '=( 11 

h 
D21 

D' h' was 

(12) 
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Fig. 2. Model grid used in the experiments to 
simulate abstraction. 

The calculations of the components, D .. , of this 
tensor depended on the method of repPesentation 
being simulated. 

When constant dispersion and dispersion linearly 
dependent on velocity were simulated, n

11 
and 

D were given the same value. In these Slmula
tig~s the off-diagonal components, D 12 and D 21 , 
were equated to zero. Failure to do fhis resu"11s 
in a numerically converged but physically unrea• 
sonable solution. 

When dispersion, which was linearly dependent on 
velocity, was simulated the components D 

1 
and 

D were linear functions of the absolute ve1ocity 
p~¥pendicular to the coast at that point in the 
aquifer. Expressed mathematically this is : 

(13) 

The third method of representing hydrodynamic 
dispersion followed that described by BEAR 
(1979). In this representation the disp~rsion is 
related to the velocity through two constants aL 
and a , the longitudinal and transverse dispersl
vities ~f the porous medium. The components D .. 

1] 
are expressed as : 

n
11 

= (a v z +a v 2)/jvj 
L X T z 

} 

} (14) 

} 

When the dispersion tensor is dependent on 
velocity, the absolute value of the dispersion 
coefficient will vary with position. When the 
dispersion mechanism is constant, the absolute 
value of the dispersion coefficient is identical at 
all points in the simulated aquifer. 

In order to produce results that were directly 
comparable values for B (equation (13)) and the 
dispersivities, aL and aT (equation (14)) were 
chosen which gave values for the dispersion 
coefficient which were approximately the same as 
the constant values used. The values for these 
constants are presented in table I. 

Two series of numerical experiments were exe
cuted. The first simulated the non-abstraction 
case whilst the second simulated abstraction from 
a single fully penetrating abstraction well. 

Table I. Values used for the constants B, aL and aT in the experiments 
which simulated the linear and Bear representation 

of hydrodynamic dispersion. 

Constant dispersion 10-6 10-5 10-4 10-3 

coefficient (mZ/s) 

Linear representation 1 10 100 1000 
Value for a 

Bear representation aL = 10 aL = 100 aL = 1000 aL = 10000 

Values for aL and aT(m) a = T 1 a = T 10 aT = 100 a = T 1000 
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a 

b 

c 

Fig. 3. Position of 0, 5 isochlor for different 
values of dispersion coefficient. 

No abstraction. 

(a) constant representation, 
(b) linear representation, 
(c) Bear representation. 

The following parameter values are common to all 4.1. No abstraction 
the results presented below. 

h = 100 m K = 0,001 m/s = 8,64 m/day 
L = 5h = 500 m n = 0,4 
X = 2,5h = 250 m a = 0,02 
Qw= 0,015 m3 /s D = 10-9 m2 /s 

d 
= 1296 m3 / day 

4. RESULTS 

The results of the numerical experiments are 
presented in figs 3 to 6. These show the posi
tion of the 0, 5 isochlor for either different me
thods of representing the hydrodynamic disper
sion tensor or different magnitudes of the dis
persion coefficient. These results .are discussed 
below. 

Fig. 3 shows the effect of increasing the magni
tude of the dispersion coefficient for each method 
of representing dispersion. Whilst the detail on 
these figures differs, similar patterns appear viz 
as the dispersion coefficient increases the iso
chlors become steeper resulting in greater inland 
penetration of salt water at the top of the aquifer 
and less inland penetration at the aquifer base. 

When the dispersion coefficient has a value of 
10-b m 21 s the configuration of the 0, 5 isochlor is 
very similar for the three methods of representing 
hydrodynamic dispersion. This result is shown in 
fig. 4(a). 

Fig. 4(b) illustrates that for a dispersion coeffi
cient of 10-s m2 /s the the three representations 
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Fig. 4. Position of 0, 5 isochlor for different 
methods or representation. 

No abstraction. 

(a) dispersion coefficient 10-6 m2/s, 
(b) dispersion coefficient 10-s m2 /s. 

result in significantly different configurations of 
the 0,5 isochlor. BEAR's representation results 
in the greatest inland penetration of salt water. 

As the dispersion coefficient increases further to 
values of 10 -'+ and 10-3 m 2 / s the isochlors become 
vertical for all three representations. For both 
values of dispersion coefficient the BEAR repre
sentation gives the greatest and the linear repre
sentation the least inland penetrat'ion of salt 
water. 

4.2. Abstraction 

The isochlor configurations calculated when well 
abstraction was simulated, are in general more 
complex than in the non-abstraction case. 

Fig. 5(a) illustrates that for the constant repre
sentation a similar result occurs in the abstraction 
case as in the non-abstraction case viz as the 
dispersion coefficient increases the isochlors 
become steeper. The inland penetration of salt 
water at the top of the aquifer increases as the 
dispersion coefficient increases. At the aquifer 
base the inland penetration of salt water is grea
test for a dispersion of 10-6mZ/s. 

Figs 5(b) and 5(c) illustrate for the linear and 
Bear representation of hydrodynamic dispersion 
the effect of increasing the dispersion coefficient 
on the position of the 0,5 isochlor is similar. As 
the dispersion coefficient increases the isochlores 
become steeper. At values of dispersion coeffi
cient greater than 10-'+ m2/s little further inland 
penetration of salt water occurs. As for the 
constant representation of dispersion the greatest 
inland penetration of salt water occurs at the 
aquifer base with a dispersion coefficient of 10-6 
m2/s. 

When the dispersion coefficient has a value of 
10-6 m2/s the configuration of the 0,5 isochlor is 
virtually identical for the linear and Bear repre
sentations of dispersion. The constant represen
tation gives significantly greater inland penetra
tion of salt water at the aquifer base. This 
result is shown in fig. 6(a). 

With a dispersion coefficient value of 10-5 m2/s 
the 0, 5 isochlor configurations given by the three 
representations differ significantly. The greatest 
inland penetration of salt water occurs with the 
Bear representation as illustrated in fig. 6(b}. 

At dispersion coefficient values of 10 -'+ and 10-3 

mZ/s the isochlors are approximately vertical. 
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Fig. 5. Position of 0, 5 isochlor for different 
values of dispersion coefficient. 

Abstraction. 

(a) constant representation, 
(b) linear representation, 
(c) Bear representation. 

The Bear and linear representation give the same 
inland penetration of salt water. The constant 
representation gives significantly greater inland 
penetration of salt water; with a dispersion 
coefficient of 10-3 m2 / s the 0, 5 isochlor is adja
cent to the abstraction well. 

S. CONCLUSIONS 

A. numerical model to simulate saline intrusion in a 
two-dimensional vertical section of aquifer per
pendicular to the coast is presented. This stea
dy-state model takes account of density variations 
due to the salt. 

The model is used to investigate the effect on the 
position of the 0, 5 isochlor in a confined, homo
geneous, isotropic aquifer of : 

(a) the magnitude of the dispersion coefficient, 
(b) different methods of representing the hydro

dynamic dispersion tensor. 

Three methods of representing the hydrodynamic 
dispersion tensor were investigated. These were 
representing it as constant, linearly dependent on 
the flow velocity perpendicular to the coast and 
by the method described by BEAR. 

For all three representations the effect of in
creasing the dispersion coefficient is similar in 
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methods of representation. 

Abstraction. 

(a) dispersion coefficient 10~6 mZ/s, 
(b) dispersion coefficient 10 5 m2/s. 
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both the non-abstraction and abstraction cases -
the isochlors become steeper as the dispersion 
coefficient increases. 

values of the dispersion coefficient the results 
from the three methods of representation differ 
significantly. 

This result is in agreement with that expected 
from mixing theory. At low dispersion coeffi
cients advective salt transport dominates the 
dispersive transport; this results in gently slo
ping isochlors. At higher dispersion coefficients 
the dispersive salt transport dominates; because 
of the concentration boundary conditions applied 

at the coast and inland ends of the modelled 
aquifer this results in near vertical isochlors. 

In the non-abstraction case the greatest inland 
penetration of salt water occurs at the highest 
dispersion coefficient whilst in the abstraction 
case it occurs at the lowest dispersion coefficient. 

When abstraction is simulated the results for the 
three representations are very similar at low 
dispersion coefficients but become significantly 
different as the magnitude of the dispersion 
coefficient increases. 

In general the value of the dispersion coefficient 
is of greater importance in determining the posi
tion of the isochlors than the method chosen for 
representing hydrodynamic dispersion. 

6. NOTATION 

No general pattern, that is applicable to the V' 
complete range of dispersion coefficient values 
investigated, arises from comparison of the three 

a a 
- <ax' a z' 

methods of representation. n 

In the absence of abstraction the three methods P 

give similar solutions at both low and high dis-
persion coefficient values. For intermediate V 

porosity (dimensionless) 

fluid density (ML -3) 

velocity vector ( L T -1) 
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tensor coefficient of hydrodynamic REFERENCES 
dispersion (L2 T -1) 

density of fresh water (ML- 3 ) 

salt concentration (dimensionless) 

specific discl!arge vector, 
g = n ,Y (LT l) 

hydraulic conductivity tensor (LT -~) 

acceleration due to gravity (LT- 2 ) 

model co-ordinate syst~m (L) 

maximum density of salt water present 
(ML- 3 ) 

a 
; (-

ax 
a 

~ -) 
ax 

non-dimensionalised variables corres
ponding to x', z', p', Dh' and K' 

mean hydraulic conductivity (LT-1) 

thickness of aquifer (L) 

coefficient of molecular diffusion for salt 
in the aquifer (L2 T-1) 

relaxation factor 

non-dimensionalised head at coastal end 
of aquifer 

non-dimensionalised head at inland end 
of aquifer 

non-dimensionalised abstraction rate 

longitudinal and transverse 
dispersivities (L) 
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