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Estimation of the lateral dispersivity 
in a homogeneous isotropic coastal aquifer 

ABSTRACf 

Kenji JINNO* 
Ronny BERNDTSSON* 
Kazuro MOMII** 
Tosao HOSOKAWA *** 

A method for estimation of the lateral dispersivity in a homogeneous isotropic coastal aquifer where 
salt-water intrusion takes place is discussed. A similarity approximation is used for both the tangential 
velocity along and the transverse salt-water concentration profile to the steady fresh-/salt-water inter
face obtained by immiscible assumption. In order to confirm the validity of the proposed procedures, a 
two-dimensional numerical simulation procedure is compared with experimental data. 

Calculated concentration profiles by the proposed method show compatibility with experimental data and 
numerical solutions. The present method will be useful for the estimation of lateral dispersivity in a 
practical case using borehole data. 

1. INTRODUCTION 

In the numerical simulation of the salt-water 
intrusion into a coastal aquifer, the assumption of 
dispersion coefficients is very important. At 
present, as far as the authors are aware, no 
practical method which utilizes the data of the 
salt-water concentration profile in a borehole 
through the fresh-/ salt-water interface has been 
proposed. The most common method is repeating 
the numerical simulation until the calculated 
salt-water concentration profile with assumed 
parameters gives an acceptable reading when 
compared with the measured concentration profile. 
Since the numerical simulation requires a large 
amount computational time for solving simultane
ously the hydraulic pressure and the mass-trans
port equations, an initial estimation of parame-

* 

ters based on a field survey will be more effici
ent. 

In this study a method for estimation of the 
laterial dispersivity is developed by using a 
similarity approximation for the tangential velocity 
along and the transverse concentration profiles to 
the fresh-/salt-water interface. 

2. NUMERICAL SIMULATION OF 
TWO-DIMENSIONAL STEADY 
SALT-WATER INTRUSION 

In order to understand the machanisms of the 
phenomenon in the vicinity of the mixing zone, it 
is very helpful to use numerical simulation. 
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PINDER • COOPER (1970) used the method of equation of motion 
characteristics for this purpose. It is well known 
that this method can prevent large discrepancies 
of the convection terms in the equation of mass 
transport. A stability condition and an optimal 
number of the Lagrangian particles in each cell 
were studied by JINNO & UEDA (1978). PINDER 
• COOPER (1970} did not investigate the detailed 
mechanisms of the processes in the vicinity of the 
mixing zone. Actually, further detailed analyses 
of those processes have not been made up to 
now. In this paragraph, a numerical-simulation 
method is briefly reviewed. A detailed investiga
tion of the mixing processes is presented through 
simulation. 

Fig. 1 shows a schematic illustration of the region 
analysed. X shows the location of a borehole 
where the vef>tical profile of salt-water concentra
tion is measured. In the diagram, two co-ordina
te systems are shown : the first one is the 
Cartesian co-ordinate system, the other one is a 
co-ordinate system which is taken along the inter
face. The water heads for both the fresh- and 
the salt-water boundaries are assumed to be 
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Fig. 1. Two-dimensional flow region. 

Mathematical equations used herein are as fol
lows : 

Hydraulic pressure calculation 

equation of continuity : 
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Symbols used herein are as follows 
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hydraulic pressure head 
permeability 
cross-sectional velocity 
actual velocity 
density distribution 
specific storage coefficient 
specific water content 
dummy number 
concentration distribution de
fined by 

X 100 ( t ) 

fresh-water density 
salt-water density 

(9) 

density difference = p - p f 
soil-water content (= ~oroSlty 
when saturated) 
molecular diffusion coefficient 
(1,0 x 10-6 cm 2 /sec) 
longitudinal dispersivity 
lateral dispersivity. 

When solving the equation for hydraulic-pressure 
distribution, the Crank-Nicholson finite-difference 
scheme with successive over-relaxation iteration 
was used. The method of characteristics was 
used for the mass-transport equation. This 
method involves a change in the concentration of 
the Lagrangian fluid particles using the first 
expression in eq. (4). The number of Lagran
gian particles in each grid cell used for the mass 
transport is determined as equal to four from the 
stability analysis (JINNO • UEDA, 1978). 

The mesh sizes are 1, 0 em and 0, 5 em for X and 
Y directions respectively. 101 x 101 grid points 
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are used in the calculation. The convergency 
condition for hydraulic-pressure calculation is 

max I h i,J ~~+1 - b i,J "' I :s 510 x 10~ 5 em 
i,j 

where i and j denote the grid point (i,j) and u 
denotes the iteration number. Fig. 2 shows the 
velocity distribution at steady state. We can 
observe that the flow direction of the fresh water 
is towards the salt-water boundary. On the 
other hand a smaller velocity distribution in the 
salt-water region is obtained. The broken line 
shows the 50 % concentration isoline. Along this 
line, a convective flow is also formed. 
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Fig. 2. Flow pattern by numerical simulation. 

Fig. 3 shows the vertical concentration profiles at 
three cross sections. We may obtain similar 
profiles in a practical field survey. It is seen 
that a gradual expansion of the mixing zone is 
obtained. Triangles in the figure show the 
observed values in the experiments that will be 
explained later. Except for the profile at X = 4 
em, compatible results are obtained. The pa~ame
ters aL and aT, which are necessary for the 
numerical simufation, are determined by the 
proposed method explained later. 
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Fig. 3. Comparisons of vertical concentration profiles for numerical solutions at 
three measurement sections. 

Fig. 4 shows isolines of concentration. It is seen conditions are listed in table I. A large and 
that the lower concentration zone of 90 % is 
spread along the observed fresh-/salt-water 
interface. We have confirmed that an equation Table I. Experimental condition . 
for the fresh-/ salt-water interface obtained by 
the immiscible assumption, that will be seen later, 
is in agreement with the 90 % concentration isoli
ne. 

3. EXPERIMENT OF SALT-WATER INTRUSION 

Two experiments using the same model as shown 
in fig. 1 were carried out. The experimental 
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Fig. 4. Observed interface and calculated 
concentration distribution. 
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mean diameter of 0,235 0,054 
material d (em) 

porosity 0,350 0,375 
n 

permeability 3,50 0,46 
k (em/sec) 

fresh-water inflow 2,200 0,275 
q (cm 2 /sec) 

Reynolds number Re 
Re = (q/nH)d/ v 3,400 0,091 
v : kinematic 

viscosity 
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uniform material was used in experiment 1. The 
permeability of the material in experiment 1 is one 
order larger than that in experiment 2. The 
Reynolds number Re in experiment 1 may seem 
large when compared to the range expressed in 
Darcy's law, however, effects due to non-Darcian 
flow in the experiments are considered negligible. 
The concentration profiles were measured by 
electric-conductivity sensors of 4,0 mm diameter. 
In experiments 1 and 2, the vertical concentration 
profiles were measured at the sections of X = 

0 4,0 em and 20,0 em. 

4. APPROXIMATE SOLUTION BY USE OF 
THE SIMILARITY ASSUMPTION 

In a steady state eq. (4) takes a simple form 
when one axis is taken to be parallel to and the 
other perpendicular to the flow direction. This is 
due to the negligible amount of lateral convection 
and longitudinal dispersion terms. In the present 
analysis, such a co-ordinate system is selected 
along the fresh-/salt-water interface shown in 
fig. 1 {UEDA et al., 1977). The origin of this 
co-ordinate system is denoted by 0.2. A close 
view of the mixing zone is shown in ftg. 5 • 

Velocity profile 

y 
X • 

Density profile 

IN/ JNJ JZ? 

X • X' 

Fig. 5. Modelling of mixing zone for 
similarity analysis. 

Since it is expected that the concentration profile 
perpendicular to the immiscible interface will be 
similar to those obtained in fig. 3, an assumption 
of similarity in both velocity and concentration 
profiles in this co-ordinate system may be reason
able. 

Eq. {4) then becomes as follows 

ac a ac 
u' - - a1 --(u' - ) 

ax ay ay 

Let us introduce a similarity variable n as 

y , -
R(x) 
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(10) 

(11) 

where u' is the actual velocity along the x axis 
and R(x) is a function of x. For the velocity u' 
and the concentration profile C, we use the 
following similality expression 

u' - U.., f('l) 

c - 100 ( 1 -f(,)) (%) 

or 

P - Pa - ( Pa - Pt! ) f('l) 

(12) 

(13) 

(13). 

where U denotes the velocity at infinite distance 
from the .. interface. Substituting eqs. (12) and 
(13) into eq. (10), we get 

U.., (p. - pf ) dR(x) df(,) 

R(x) dx 

_u_..,_<R-;-:-,~-P-1!-) [ { ::} 2 

(14) 

Since R(x) is a function of x and f( n) is a 
function of n, the following two equations should 
be considered separately 

d Q1 
-R(x) (15) 
dx R(x) 

and 
I 

(16) 

From eq. (15) we obtain 

R(x) - J2a(x+/l) (17) 
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where B is a parameter which characterizes the 
conceptual origin. This is shown in fig. 1. 
From eq. (16) we obtain 

[ 

1 I .. _ e2 /2 
f(.,) - 1 -- • de .rz; ., 

(18) 

In order to apply the similarity solution to the 
salt-·water intrusion problem we need to specify 
the equation that is used as a co-ordinate system. 
The following equation (JAPAN SOCIETY OF 
CIVIL ENGINEERS, 1985) will be appropriate, 
since it considers the effect of the vertical flow 
at the effluent : 

jqj [ 
h(X)- -

(Ek) 

2(Ek) ] l/ 2 

-- X + 0.55 
jqJ 

(19) 

The co-ordinate transformation of the 0~ - XY 
system into the 0

2 
- xy system is obtainea by 

I 
x· 

x 1 - [ 1 + (dh/dX)z ] 1 12 dX , 

0 

(20) 

where the point (x
1

, y ) in the o
1 

- xy co-ordi
nate system is equivalen\ to the pomt (X

1
, Y

1
) in 

the o
2 

- XY co-ordinate system. This ls sfiown 
in fig. 5. The point (X',h(X')) is located on the 
interface calculated by eq. (20). When the 
vertical profile of concentration in a drilled 
borehole is obtained, the concentration profile in 
the 0

2 
- xy co-ordinate system is transformed 

into the 0
1 

- XY system using eqs. (19) and 
(20}. This means that one vertical profile in a 
borehole gives the various combination of the 
points in the o

2 
- xy co-ordinate system. 

Assuming the two parameters a and B we can 
calculate the variable R(x) and n by eqs. (17) 

and (11). 

Let us introduce a criteria function as 

J(a,(J) - i::. { C* (Xc, , YJ) - C(xJ , YJ) } 
2 

(21) 
J•l 

* where C (X , Y.) denotes the vertical concentra-
tion profile 0 at lhe depth j of the measurement 
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cross-section X • C(x., y.) denotes the trans
formed profile iR the o

2
1 - -ly co-ordinate system. 

N is the number of the measurements in the 
borehole. By changing the two parameters, we 
can draw a three-dimensioniu graph of J(a, B) 

from which an optimal set of (a, B) will be Qbtain
ed. 

5. ESTIMATION OF LATERAL DISPERSIVITY 
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Fig. 6. Criteria function J(a,B) . 

Fig. 6 shows an example of J(a, B). Only the 
a-plane projection of the three-dimensional graph 
is illustrated. In the figure, a is estimated as 
8,0 x 10- 3 em. Table II shows the estimated 
lateral dispersivities for experiments 1 and 2. 
HARLEMAN II RUMER (1963) gave an experimental 
formula for the lateral dispersion coefficient as 

- 0.036 Re 0 • 7 (22) 
II 

Since DT is expressed from eq. {7) as 

Dr - a1 u/n- 0.036 11 Re0
·

7 (22)' 
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Table II. Estimated laterial dispersivity (em). 

measurement section 
x0 (em) 

present 4 
method 20 

Harleman and Rumers' 
formula 

assuming a linear relation for the present Rey
nolds number, we can roughly estimate aT by 
substituting n, q/H for u, v and R into eq. 
(22) '. In table II, these values are sbown as a 
comparison. The estimated dispersivities by the 
present method show different values depending 
on the measured section. This is explained by 
the fact that the velocity · UID at an infinite dis
tance from the interface is not constant but 
gradually increasing towards the effluent and is 
not independent from x-axis. This is seen in 
fig. 2. This effect is, however, not considered 
in the present analysis. If this had been consi
dered, then a simple analytical solution for f( n) 

would not have been obtained. Considering the 
motives of the present study, we prefer a simple 
method which allows us to estimate an acceptable 
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lateral dispersivity. It is interesting that the 
estimated dispersivities in experiment 1 do not 
differ so much from the calculated ones using eq. 
(22)'. The average for two estimated values in 
experiment 2 is almost equal to the one obtained 
by eq. (22)'. Based on these results-, it is 
suggested that an average of the estimated dis
persivities at several measurement sections is 
taken. 

Fig. 7 shows the measured and predicted vertical 
concentration profiles at the measurement sec
tions. 

Considering the measurement errors, which are 
inherent to the size of the sensor for electric 
conductivity, the predicted profile is acceptable. 
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Fig. 7. Comparisons of vertical concentration profiles for the experimental data. 
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The experimental formula of the longitudinal 
dispersion coefficient by HARLEMAN 1: RUMER 
(1963) is given as : 

- 0,66 Re 1
•

1 (23) 
v 

Taking the ratio of eq. (23) to eq. (22), we 
get : 

1\ aL 

--- - 18,33 Re 
Dr a, 

0 1 5 (24) 

3) 

4) 

5) 
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an approximate solution obtained by the 
similarity assumption along the fresh-/salt
water interface may well represent the 
measured concentration profile; 

the estimated lateral dispersivities agree well 
with the predicted values by the Harleman 
and Rumers' formula when an overall Rey
nolds number is used; 

the numerical simulation using estimated 
longitudinal and lateral dispersivities can 
represent the vertical concentration profile 
observed in the experiments; and 

Substituting a = 0,0078 em' and R = 3,4 for 6) 

experiment 1 iJ this equation, we get e 

it is expected that the proposed method will 
give a reasonable estimation for the lateral 
dispersivity when it is applied to a coastal 
aquifer where salt-water intrusion takes 
place. aL = 18,33 X 3,4 O•S X 0,0078 = 0,26 em 

A numerical simulation was carried out by using 
these dispersivities. The results are shown in 
fig. 3. They seem to agree reasonably well as 
seen from the figure. 

6. CONCLUSIONS 

A method for estimation of the lateral dispersivity 
in a coastal aquifer where salt-water intrusion 
takes place, has been developed. 

The following results are obtained 

1) the mass transport in the mixing zone is 
obtained by the present numerical-simulation 
method; 

2) the 90 % concentration isoline of salt water 
agrees well with the observed interface of 
the experiments and also with the equation 
of fresh/ salt water; 
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