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Summary 
An analysis is given of brine transport in a porous medium, which incorporates the effect of 
volume changes due to variations in the salt concentration. The fluid flow is not divergence 
free. Two specific flow situations are investigated which lead to self-similarity. Existence 
and uniqueness theory are developed for the corresponding ordinary differential equations. 
A number of qualitative properties of the solutions are derived. Asymptotic expressions 
are obtained for the solutions in terms of the relative density difference c: P•-Pt. A 

PJ 
numerical strategy and results are given. 

Introduction 
The problem of long term disposal of radioactive and hazardous waste is an important 
environmental topic. The storage of these materials in geological salt formations (salt 
domes) is subject of many technical and scientific studies. One of the important questions 
is how and with what rate the pollutants will re-enter the biosphere in case of a disaster. 
Often (large scale) numerical models are used to study the migration of polutants coming 
from such a repository. When using these models it is often very difficult to discriminate 
the contributions of the different physical mechanisms that are involved. Specially if one is 
interested in second order effects in the fluid flow due to the presence of high salt densities 
near salt domes. We focus on the transport of brine and use a (quasi) analytical strategy 
to obtain solutions. The groundwater near salt domes contains high salt concentrations 
up to 1200 kg/m'. Brine is so strongly impregnated with salt that the volume of the fluid 
is affected. The corresponding fluid flow is can nolonger be considered divergence free. 
This in contrast to flows with a low concentration of salt, such as sea water. 

In this study we investigate the influence of high salt concentrations on the flow of ground
water near salt domes, using mathematical techniques. Because of the complicated non
linear nature of the gouverning partial differential equations we focus on two well defined 
flow geometries that allow similarity transformations. Doing so we are able to construct 
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solutions that quantify the effects of high salt concentrations on the flow of groundwater 
in the given geometries. 

The basic equations. 
Mass balance of the fluid 

Mass balance of the salt 

Darcy's law 

Equation of state 

,P ~ + div(pq) = 0 

l;~ + div(pwq- Dpgradw) = 0 

J.l -q + gradp - pg = 0 
/(, 

(1) 

(2) 

(4) 

The used symbols denote: p=pressure of the fluid, r/J=porosity,j.l= viscosity of the fluid,K 
=permeability of the porous medium,g= (gy,gz) =acceleration of gravity, q=(qy,q;,)= 
volume flow of fluid per unit area of the porous medium (specific discharge) , p =density 
of the fluid,/ = constant (>:::: ln(2)), w= mass fraction of the salt in the brine and D= 
diffusion coefficient. 

The boundary and initial conditions for Problem I and .II. 

We study two specific problems to which we refer as Problem I and Problem II. See figure 
1. Far into the fresh water region (z = +oo) the velocity qy is imposed while qz is assumed 
to vanish.Initially, say at t = 0, the region above the plane z = 0 is filled with fresh water 
and brine, with mass density Ps > p 1, fills the region below it. We fix q --'* ( qi> 0) as 
z --'* +oo. Here qf is given as a constant. 

brine 
' 

Figure 1. The boundary and initial conditions. 

In Problem II the flow region consists of the upper half space and is bounded below by 
an impermeable salt rock. At t = 0 the fresh water occupies the upper region. Again we 
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specify they-component of the specific discharge at z = +oo. Further we have a condition 
at the salt rock boundary for the specific discharge which is derived by [HL] 

D ap ( ) a (0, t) for all t > 0. 
IPs 1- Ws Z 

qz(O, t) = (5) 

This simply states the continuity of total mass ilux at the boundary if we assume that 
the salt rock dome is impermeable to (pure) water. The formation of a cap rock (residue) 
is neglected because this is a very slow process. 

Since in both problems the y-coordinate ranges from -oo to +oo we may look for a 
density p and a specific discharge q in the form of 

p = p(z, t) and q = q(z, t) 

This leads to a linear relation between the y-component of q and the fluid density. 
Using equation (1) we obtain 

ap a 
<Pat+ az(pqz) = 0 

and using (2) gives 

Combining these equations and using ( 4) gives 

(6) 

(7) 

(8) 

(9) 

If we focus on Problem I we have to solve (7) and (9) subject to the initial conditions 

(z 0) = { pi z > 0 
p ' Ps Z < 0 

At z = +oo we specify qz so 

qz(z, t) -> 0 as z-> +oo for all t > 0 (10) 

In order to simplify the equations further we intoduce the following dimensionless variables 

P
• = P- Pi * qz z* = fj;Pi9 z t* = (fj;Pi9)

2 

t 
qz = -K- D -'D 

Ps-Pi t;Pi9 'I' 
(11) 

and 

Ps- Pi 
E:=---. 

Pi 
(12) 

15 
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In these new variables (7) and (9) become (when we ommit the asterisks again) 

ap + !_(pqz) + ~ aqz = O 
at az c; az 

ap ap a2p 
at + qz az = az2 

The rescaled initial and boundary conditions (in Problem I) become 

and 

In problem II we have 

and 

inwhich 

{
Oifz>O 

p(z, O) = 1 if z < 0 

qz(z, t) -+ 0 as z-+ = for all t > 0. 

p(z, 0) = 0 for z > 0 

p(O, t) = 1 for t > 0 

ap 
qz(O, t) = -Kc: az (0, t) for t > 0 

]( = Pi 1 
Ps !(1- w.) 

(13) 

(14) 

(15) 

(16) 
(17) 

(18) 

(19) 

In the formal limit as c; -+ 0, equation (13) reduces to ~ = 0. Using condition (10) 
this implies qz = 0. The equation for p reduces to a linear diffusion equation, known in 
literature as the Boussinesq approximation. 

Selfsimilar solutions 

We look for self-similar solutions. Set 

z 1 
x = Vi' p(z, t) = u(x) and qz(z, t) = Vtv(x ). 

This results in the following ordinary differential equations 

( )
/ 1 I 1 I uv + -v - -xu = 0 

c; 2 

u'v- ~xu'= u" 
2 

(20) 

(21) 

(22) 
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subject to the boundary conditions of Problem I 

u(-oo)=1 and u(+oo)=O (23) 

v(+oo)=O. (24) 

For Problem II the boundary conditions are 

u(0)=1 and u(+oo)=O (25) 

and 

v(O) = -c:K(c:)u'(O) (26) 

whith 

K(c:)-
1 

0 < c: < e'~- 1. 
- (1 + c:)b -log(1 + c:)}' 

(27) 

The analysis will be restricted to the solutions ( u, v) such that u > 0, which is related to 
the physical meaning of u(x ). 

Invariance under shifts 

We can show that u and v' are invariant under shifts. Set 

1 
x = x- a, u(x) = u(x), and v(x) = v(x)-

2
a (28) 

where a is some arbitrary number. If (u(x),v(x)) is a solution of (21) and (22) so is 
(u(x),v(x))but with x replaced by x. This means that if (u(x),v(x)) is a solution and 
v(±oo) exists, then by shifting x over a distance a, we can establish any prescribed limiting 
valueofv(x) at x = ±oo. Using v(+oo) = 0 we choose a= 2v(+oo). Using this invariance 
under shifts and results from [AP,vDGZ,vDP1,T] we can proove existence and uniqueness 
for (u, v ). Further we proove that for every c: > 0 u is a strictly decreasing function on R 
and has precisely one inflection point at some x 0 > 0, such that u" < 0 on ( -oo, xo) and 
u11 > 0 on (x 0 , +oo ). The function vis positive on Rand strictly increasing on ( -oo, xo) 
and strictly decreasing on (xo, +oo ). 

Asymptotic expansions 

The analysis of the dependence of the solution of (21) and (22) on c: for small values of c: 
leads to asymptotic expressions for u and v. To emphasize the dependence on c: we denote 
the solutions by u, and v,. If c: > 0 and u0 is the Boussinesq limit defined as 

1 X 
uo(x) = z-erfc(-2), x E R (29) 

we find 

(30) 

17 
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1 
u,(x) = uo(x) + 2u0 (x){1- u0 (x)}c: + O(c:2

) (31) 

For Problem II the Boussinesq limit is given by 

X 
uo(x) = erfc(z-), x E R+ (32) 

The asymptotic expressions for Problem II are 

(33) 

2(1-')') 1 
u,(x) = uo(x) + [- Vif'Y {uo(x) + ,fou~(x)}- 2u0 (x){1- uo(x)}]c + O(c:2

) (34) 

These expressions give an accurate approximation of u(x) and v(x) for both Problems. 
See figure-2. -

0.06 v{x) 

Problem I 

e = 0.2 

Accurate numerical solutiOn 

-4 ·2 X ·4 ·2 

Figure 2. Example of the quality of the approximations· for Problem I with c=0.2. 

Change of the independent variable 

It is possible to transform (21) and (22) to a single well known differential equation by 
introducing u as an independent variable. Since any solution u is strictly decreasing this 
is possible. We define 

x = x(u) and y(u) = -u'(x(u)). (35) 

After some computation we find that y( u) is a solution of the equation 

1 
y{(1 + w)y'}' = - 2(1 + w), 0 < u < 1, (36) 

X 
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whilst the boundary conditions become 

y(O) = 0 and y(1) = 0. 

for Problem I. Next we apply one more transformation by setting 

log(1 + w) c 
t = log(1 +c) and z(t) = log(1 + c)y(u). 

This yields the problem (in standard form) 

(Pt) 
{ 

-zz" _ le2tlog{l+•) 
-2 ' 

z(O) = 0, z(1) = 0 

z > 0 for 0 < t < 1 

(37) 

(38) 

Problem (Pt) has been studied in detail in [AP,vDGZ,vDP1,T]. It has a unique solution 
z E C00 (0, 1) n C([O, 1]) which is concave and satisfies z'(O+) = +oo and z'(1-) = -oo. 
This implies existence,uniqueness and positivity of the solution y(u). 

If we apply the same transformations (35) and (38) to equations (21) and (22) for Problem 
II we find P2 

{ 

-zz" = le2tlog(t+•) z > 0 for 0 < t < 1 
2 ' 

(P2) 
z(O) = 0, z1(1) = -Lz(1) 

in which L is a constant which is choosen as 

L = K(c)(1 + c)log(1 +e)= lo7(
1 (~e) ) 

1- og + c 
(39) 

so when returning to the original variables we find that u(x) and v(x) satisfy the boundary 
condition at x = 0. 

We return to the original variables x,u and v by means of 

l 

J
' ds x 

x(u) = y(s) and v(x) = z- y'(u(x)). 
u 

(40) 

The boundary conditions follow from the fact that 1/y(u) is not integrable near u = 0 
and u = 1. 

Remarks on the numerical procedure and results 

The property of invariancc of u and v' under shifts is used to get a numerical solution of 
u(x) and v(x). The condition on vat infinity is replaced by a condition for u at the origin 
x = 0: u(O) = 1/2. To solve the equations (21) and (22) on R we put them into the form 
of a system of three first order equations. This system is then solved using a Runge-Kutta 
method, subject to initial conditions imposed on x = 0. To find the correct initial values 
at x = 0 we solve Problem (P1 ) for z using a multi dimensional Newton method. From 
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the solution of Problem (P!) we obtain the numerical values of the initial conditions for 
the system. The system is solved and this gives us v( +oo ). To get the desired solution 
we have to apply the shift using v( +oo ). 

The results for u and v for both problems are given in figure 3. The value of <:=0.025 
corresponds with the salt density of sea water. In that case the difference between the 
linear case (Boussinesq) and the nonlinear case is neglectable. If <:=0.2 ,which corresponds 
with saturated brine, the difference is noticeable. The value c: = 0.5 has no physical 
meaning but is used to stress the properties of the solutions. 

More details about the numerical strategy and the mathematical results are given in 
[vDPeSch]. In this paper we also present a section concerning the situation when the 
diffusion coefficient depends on the velocity. The latter is subject of future study . 

X 
.. X 

o.s 

v(x) Problem II 
Problem II 

0.3 

0.2 

0.1 

E.= 0.025 

X X 

Figure 3. The solutions u and v for different c; = 0.025 values 
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Conclusions 

We studied the influence of high salt concentrations on the movement of groundwater 
using a model for brine transport in porous media. We defined two specific flow problems 
that are related to transport of brine near salt domes. These problems allow similarity 
transformations. The resulting ordinary differential equations are studied analytical and 
numerical. 

The scaled density distributions show clearly that the influence of high salt concentrations 
is rather small but not in all cases neglect~ble. However the fact that qz is positive and 
perpendicular to the regional flow ( qf) can be of importance if one bears in mind that 
salt rocks, or deep salt aquifers, are used to store radio-active materials and other types 
of toxic waste. 

The (high) salt concentration gradients introduce an extra convective flux that has to be 
taken into account if one studies for example the seepage of radio-active waste from a 
storage site in a salt dome. 

The approximation formulas, which are a result of the asymptotic analysis (c:----* 0), match 
the accurate numerical solutions very well. They can be used in practice to estimate the 
magnitude of the fluxes and density distributions. 

In this study the diffusion is coefficient is constant. It is more realistic to use a diffusion 
coefficient which is a function of the specific discharge. This makes the analysis much 
more complicated. Velocity dependence of the diffusion (dispersion), related to brine 
transport, is subject of a future study. 

The analysis shows clearly the effects of high salt concentrations on the transport of brine 
near salt domes. 
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