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ABSTRACT 

A one-dimensional, vertically integrated sharp interface finite element model is developed for the parametric 
studies on advancing cases of fresh water-sea water interface in coastal aquifers. The model uses linear elements 
and the Galerkin weighted residual method to form the element matrix. The numerical solution is compared 
with Hele-Shaw experimental results. The model is flexible in nature with the ability to handle both fixed and 
moving grid systems. The parametric studies include the effect of linear decrease in fresh water table/discharge 
at various distances from initial toe position on sea water intrusion. The effect of aquifer bed slope is also 
studied. A general relationship between the extent of salt water advancement and water table variation is 
established. The applicability of the characteristic curves is illustrated through an example. The results 
obtained from the study will be directly useful in management schemes in assessing the existing/future aquifer 
conditions. 

!. INTRODUCTION 

Increasing developmental activities near the sea coast leads to over exploitation of the already stressed coastal 
groundwater system. The equilibrium between sea water and fresh water is continuously getting distorted on 
a large scale leading to agressive sea water intrusion in some parts of the World. A coastal managment scheme 
is essential to improve the worsening situation. Appropriate solution strategies will be necessary in running 
such schemes successfully. Behaviour of the sea water-fresh water interface under different field conditions is 
yet to be understood to the full extent. Groundwater withdrawals or recharge of significant magnitude need to 
be incorporated while studying the interface motion. 

Studies on advancing interfaces already reported stress more on sudden variation concept in fresh groundwater 
resources. Advancement of the interface due to sudden variation of fresh water discharge is analysed [2][6][4] 
through experimental and theoretical studies. The solutions are simple and capable of simulating large scale 
groundwater withdrawals over a short period. In the present work, linear variation of fresh water resources is 
considered representing medium to small scale groundwater withdrawals and its effect on the interface movement 
is analysed through parametric studies. 

THEORY 

The definition sketch of the problem is schematised in Fig. l(a). 
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Fig. l(a). Definition sketch for surface source level variation 
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The interface is made to move from an initial steady position, La with a fresh water discharge QI byl?w~rin~ 
the level in the surface source at a distance L" from H 1 to H1 during Ihe period t. In another case tmhal ~es f 
water discharge Q1 at the wedge toe is decreased linearly with time from Q1 to Q, (Fig. !b). The lengt 0 

intrusion is L 1 at time t, Brand B, are the saturated thicknesses of fresh and sea water respectively; mean. 5~ 
level is the zero datum; z and x are vertical and horizontal co-ordinate axes, positive upward and to the ng t 
respectively; D is the aquifer depth below sea level. 
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Fig. l(b). Definition sketch for fresh water discharge variation at the wedge toe. 

2.1 Governing equations 

The m'jjor assumptions made while deriving the governing equations are (a) the sharp interface approac~:~lds 
good (b) assumption and Darcy's law are valid in the region (c) storage coefficient and horizontal coe ~c~~~t 
of permeabilities variations along the vertical are negligible. The point balance equations are verhca Y 
integrated over fresh water and sea water regions separately to yield the following equations [ 1] 

a ah ah ah 
-(KB _l) +~(!+a) '-[~(!+a)+ S] __l = 0 
ax 1 1 ax a at a 1 at 

a ah 
-(KB ~) 
ax s s ax 

~(l+a) S l ah, + ~ ahf = 0 
a + s at a at 

The above equations are coupled together with the interface equation 

1 
:;;- [h, (1 +a) - h1] 

(la) 

(lb) 

(2) 

where K is the coefficient of permeability (Kr = K,); his the average piezometric head over the vertical; n is 

the porosity; Sis the specific yield(= 0.75 n); a is the excess density ratio = Y, - Yt; -y is the specific 
Yt 

weight; z is the interface elevation; subscripts f and s refer to fresh and sea water respective 1 Y · 

2.2 Finite element method 

The element equations are developed using Galerkin finite element method and can be expressed as 
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{ W1 R, dO = 0 
(3) 

where W; is the weighting function; Re is the residue of Eq. (!). The state variable, h, is linearly interpolated 
as 

h 
nn 

I: N. (x) h1 (t) j=l J (4) 

in which Nj(x) is the j'h interpolation function; hj (t) is the head at node j at time t; nn is the number of 
elements. The final equations can be expressed in the matrix form as 

[S] ( aH} + [C] (H) + {F) = 0 
ar (5) 

The conductivity matrix [C] being already symmetric, storage matrix [S] is made symmetric by scaling Eq. (lb) 
by a factor (1 +a). {F} is the flux vector and {H} is the state vector containing alternative fresh and sea water 
heads. The matrices are banded in nature and have the size of 2NN x semi band width, where NN is the 
number of nodes. The time derivative is represented by finite difference approximation. 

ah h,,., - h, 
at (6) 

where t.t is time increment. The element equations are assembled and stored in a banded form. A thin layer 
of sea water (thickness = Dxl0-3) is considered in the entirely fresh water region [5] to retain the positive 
definiteness of conductivity matrix without affecting the actual solution. Also small non-zero values of 
hydraulic conductivity are assigned for this region. 

2.3 Initial and boundary conditions 

The initial condition is assumed to he steady and the values of length of intrusion, piezometric heads and 
interface elevation are computed using steady state solution [7] 

(l+a) ( aKDz - 0.26 _!l} 
2Q1 aK 

2Q CIX Q 
h (x,O) = 1--1- + 0.52 (~)2 }112 
I (l+a)K K 

hs (x, 0) = 0.0 

z (x,O) 
_ h1 (x,O) 

(I 

The following boundary conditions are set for fresh water and sea water regions: 

hi (O,t) = 0.722 Q 
IJ.k ft 

(7) 

(8) 

(9) 

(10) 

(11) 

(12a) 
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(12b) 

h, (O,t) ~ 0.0 (13) 

h, (L.,t) = H. (14) 

where wh and w q are the rates of reduction of fresh water level and discharge respectively; Qft is the fresh w:::~ 
discharge at the wedge toe at timet; H, is a small negative value ( = lx!0-2m) to account for the seawater 
loss. 

Applying the above boundary conditions, the system of non-linear equations is solved by the Newton-RaP~~~ 
method. A convergence criteria is adopted in the iterative procedure .and the converged solution is us the 
compute the new interface elevation using Eq. (2). A simple linear interpolation scheme is used to ]ocate 
toe of the interface. 

2.4 The grid 

Fixed and moving grid schemes are used in the present analysis. The intrusion length is divided into ~~: 
elements for better represetnation of the non-linear interface. The initial length of intrusion is divided ,nto. ned 
equal segments with m, nand k divisions (m> n > k) respectively. A relatively larger element size is " 551ggrid 
beyond the toe of the interface. The following moving grid schemes are used in the analysis. The movlflg f1ow 
with (a) only two phase flow (freshwater - seawater) zone; (b) both single (freshwater) and two phase. ation 
zones. The scheme (a) is applicable to moving boundary problems and is used in the simulation of var~eme. 
of fresh water discharge at the wedge toe. Performance of scheme (b) is compared with fixed grid ~c neads 
In both the schemes (a) and (b), rezoning of the grid is carried out after each time step. The piezometric The 
for the new grid system are computed through quadratic interpolation of the previous grid valueS· 
freshwater head at the wedge toe is given as 

(111) (x,t) (l+cr.)/1, - cr.D (15) 

3. COMPARISON WITH HELE-SHAW EXPERIMENT 

From 
The performance of the numerical simulation is tested with Hele-Shaw experiments reported in Ref- 8 · ource 
an initial steady position the interface is made to move by lowering the freshwater level in the freshwa terl ~ength 
from H 1 to H1 linearly in period T0 and maintained constant thereafter. The variation ofnon-dimensio0 3 :f'ig. 3. 
of intrusion with time is compared in Fig. I. Interface profiles at different time intervals are plotted ':o . rnents. 
It can be seen that there is very good agreement between the numerical results and the Hele-Shaw experl 
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Fig. 2. Temporal variation of length of intrusion 
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Fig. 3. Transient interface positions 

4. PARAMETRIC STUDIES 

The following non-dimensional parameters are used in the analysis, 

(16) 

Q, = 
KD Ql 

nL; wq 
(17) 

Tt 
et, 

nL; (18) 

A L, - Lo X 100 
Lo (19) 

where wh = rate of surface source level reduction (LT1); wq = rate of fresh water discharge reduction (L2T 2); 
T = transmissivity = K.B; B = D + (h1 +2H1)/3 (H1 > 0); = [2 (D + h1) + D + H1]/3. (H1 <0); A = 
percentage increase in the length of intrusion. 

Several hypothetical field problems are considered for the parametric studies covering a wide practical range. 
Variation of the surface source level situated at L

8 
from the sea coast (Fig. 1a) causes the movement of the 

interface the rate of which is dependent on the rate and magnitude of variation. The non-dimensional rates of 
variation of surface source level at L

8 
= 1.5 L0 are, H, = 0.02, 0.05, 0.1, 0.2, 0.5, 1.0 and 2.0. Aquifers 

with larger LaiD ratio usually have smaller H, values. To assess the rate of the geometry of aquifer on the 
interface movement, aquifers with positive ( + 1 %) and negative (-1 %) slopes are also considered. In another 
case linear variation concept is applied to freshwater discharge at the wedge toe (Fig. 1b) with reduction rate, 
Q, = 0.02, 0.05, 0.1, 0.2, 0.5, 1.0 and 2.0. The movement of the interface is tracked till the seaward fresh 
water discharge reduces to zero. 
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5. RESULTS AND DISCUSSIONS 

Initial conditions for all the cases solved are assumed to be steady state and are computed using Eq. (7)- (10). 
L 

However for ~ > 1, Eq (7) predicts an under estimated steady condition resulting in advancement of the 
Lo 

interface by a very small margin. Such an effect is however neglected in the present study. The advancement 
of the interface due to a reduction of surface source levels, (located at L3 = 1.5) is shown in Fig. 4 for 
different rates (H,) of reduction. The interface shows an initial slow rate of advancement which picks up at a 
later stage as the effect of lowering of surface source is felt near the two phase flow zone. Neanwhile, lowering 
of surface source level creates a seaward moving fresh water divide (Fig. la), at the landward end of which 
exists a negative gradient zone. When the accelerating interface crosses such a divide and enters the negative 
gradient zone, the fresh water head in the zone is unable to resist the advancement of the interface without any 
further lowering of surface source level and results in a fresh water lens. This is an undesirable situation 
wherein the entire aquifer is contaminated without further lowering of surface source. The above phenomenon 
is indicated by the asymptotic trend of the curves in Fig. 4 and dotted lines in Fig. !(a). The time required 
for this phenomenon to occur correspond to the last point in each curve. However exact behaviour of the 
interface in this zone may be analysed either through tield or experimental studies. The time required for the 
interface to enter the negative gradient zone is dependent on the rate of surface source reduction. Further 
studies are on in this direction to relate this time with location of surface source and rate of reduction of surface 
source level. It is advisable to have a lower rate of surface source reduction so as to keep the interface out of 
the negative gradient zone for a longer period. For aquifers with H, < 0.02, the advancement of the interface 
is negligible even if the surface source reaches the bottom level. 

INDEX 

-- HORIZONTAL BED 
• MOVING GRID 

10 
---NEGATIVE SLOPE (-1•/,) 

-·-·POSITIVE SLOPE(+ 1'/,) 

A •t. 

Fig. 4. Advancement of the interface for different rates of surface source level reduction. 
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The performance of the moving grid scheme (b) is shown in Fig. 4. Both fixed and moving grid schemes are 
in good agreement. In the case of moving grid, the interface is defined by the same number of grid points. 
But when the intrusion length undergoes major changes these numbers need to be revised for better results 
(Shamir and Dagan, 1971). However, redefining the grid at every time step may consume additional 
computational time and interpolation of piezometric heads to obtain new grid values may lead to errors without 
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appropriate number of divisions and time step. 

· ·1ar 
The role of aquifer bed slope an interface movement is significant as can be seen from Fig. 4. Under 51~op" 
initial conditions, each case represents different steady lengths of intrusion. In the transient phase, adverse s the 
(negative) shows a more rapid advancement of the interface as compared to others. This is attributed to 
thickness of each layer which in turn governs the rate of change of the interface. 

. fig· 
Advancement of the interface due to linearly decreasing fresh water discharge at the wedge toe is shoWll 10 ti'-'e 
5. A similar phenomenon as that of surface source level variation is observed in this case also. The oeg"ture 
gradient zone is represented by landward moving fresh water discharge. A possible field problem of this ~" g to 
is shown in Fig. (!b). The time at which the interface enters the negative gradient zone (i.e. Q1 red"

01~0 be 
negative value) is represented in Fig. 6 relating with the rate of discharge variation. These rates oeed ired 
restricted according to the above relationship to keep the interface out of the negative gradient zooe for" deS 
period. 

·og 
The above study may be useful in management schemes involving drop in water table due to a series of P"':'P

1
tne 

wells, drainage canals, galleries, etc.' on interface movement. An example given below will mustra e 
usefulness of the results. 

Example: A coastal unconfined aquifer has the following properties: K = 8 mid; D = 150m; a = o.o'Z:~ <;:. 
= 0.9 m2/d; n = 0.4. A minor industrial unit located at 1.5 La from seashore causes an average droP ~ ,vith 
in water table per year at that section. Discuss the consequences arising out of such a drop in water Jab " 
regard to sea water intrusion. 
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Fig. 5. Advancement of the interface for various rates of fresh water discharge reduction at the 

Solution: using Eq (7) and (8) the steady length of intrusion, L0 and fresh water head, H1 are Z 
4.5922 m respectively. Assuming a linear variation of water table, non-dimensional rate or 
reduction = 0.153. From Fig. 4 the time required for the interface to enter into the negative ~·-"""'"-~ 
o, can be linearly approximated between H, = 0.1 and 0.2 as 0.762 which is equal to 4.82 

toe. 

m and 
table 
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advancement of the interface at this stage is around 7%. Hence, the unit should not be allowed to extract at 
the specified rate beyond 4.5 years which is liable to contaminate the entire aquifer. For long term operation 
of the unit, an at:>propriate reduced rate of extraction is advised. 

0·1 

O.Dl 

o.,-
Fig. 6. Relationship between the time required by the interface to cross the zeo fresh water discharge section 

and rate of reduction of fresh water discharge at the wedge toe. 

CONCLUSION 

The one dimensional, vertically integrated sharp interface model is simple but adequate enough to understand 
the behaviour of the interface due to variation of fresh water resources. The results obtained from the study 
are general in nature and are applicable to a wide range of practical problems. Following are the m'\ior 
conclusions drawn from the analysis. 

!. The advancement of the interface due to reduction of surface source located at certain distance is dependent 
on the rate of reduction. 

2. A seaward moving negative gradient zone is created in the fresh water region due to the lowering of surface 
source level. 

3. The advancement of the interface during initial period is low which later accelerates sharply while 
approaching the negative gradient zone. When the interface enters this zone, the fresh water head is unable 
to resist the advacement and a fresh water lens is formed. 
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4. It is therefore recommended to have a lower rate of reduction of surface source so as to keep the interface 
out of the negative gradient zone. 

5. Performance of the moving grid scheme is found to be satisfactory and can represent moving boundary 
problems effectively. 

6. Linear reduction of fresh water discharge at the wedge toe has similar effects on the interface movement 
as that of surface source level with only difference in magnitude. A useful relationship is established 
relating the rate of reducion in fresh water discharge and time required for the interface to enter into the 
negative gradient zone. This suggests the need to restrict the rate of fresh water discharge reduction to 
protect the aquifer for a longer period. 
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