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SUMMARY 

A sensitivity analysis and an inverse quasi-3D model were used to select and to optimize the 
hydraulic parameter values for the groundwater reservoir of De Panne area from the available 
observed heads under transient conditions. The parameterization and zonation was primarily based 
on the lithostratigraphical information and on the available evolution of the hydraulic head 
configuration. The diagonal elements of the information density matrix indicate which observation 
wells have the most influence on the results. The variance-decomposition proportion matrix permits 
to determine. the variate involvement. The ordinary least square as well as the biweighted least square 
methods were applied to optimize the parameter values. The results of both methods were compared 
with each other as well as with other solutions with different parameterization. All solutions show that 
the obtained hydraulic parameter values were stable. The values for the horizontal and vertical 
conductivities are in a good agreement with the lithostratigraphical data. From the parameters which 
determine the storage capacity of the groundwater reservoir only the storage coefficient near the 
watertable was deducable from the seasonal fluctuations of the hydraulic heads. 

1. INTRODUCTION 

The groundwater reservoir underneath the dune area of De Panne is important for the water-supply 
of the Western coastal plain of Belgium (fig. 1). Due to extensive pumping, salt water starts to flow 
towards the catchment as well as from the shore where it infiltrates during the high waters as from 
the polder area where it occurs underneath a rather thin fresh-water body, To reduce the threat of 
salinisation, an artificial recharge of the dune area with water abounding in the polder area during the 
winter period is proposed. The knowledge of the hydraulic parameters of this groundwater reservoir 
are a first requirement to optimize this artificial recharge of polder drainage water by means of canals 
and injections wells. The hydraulic parameter values are derived from the hydraulic head fluctuations 
which were measured in 106 observation wells during the period June 1975 to March 1978 [9]. 

In the scope of the new statistical approaches for hydrogeological studies, it seems interresting to 
, apply an inverse model to optimize the hydraulic parameter values. The applied model is a combina
tion of a quasi-3D numerical model, sensitivity analyses and a non-linear regression analysis. The 
quasi-3D numerical model is a finite-difference model which treats transient and steady-state flow. 

The sensitivity analyses are based on the singular value decomposition of the sensitivity matrix. 
From the results of this decomposition, the resolution and information density matrices as well as the 
matrix of variance-decomposition proportions of the parameters have been calculated. The informa
tions deduced from these matrices are helpful for the application of the inverse model. The variance-
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decomposition matrix permits the selection of independent parameters which can be optimized while 
the information matrix indicates the observation wells which have the most influence on the results. 
On this basis it has been found that only seven from the primarily selected eleven parameters can be 
optimized. 

In the beginning, the method used to optimize these parameters was the ordinary least square 
method in which the observations have the same weight. Because the sum of the square deviations 
was rather high in this case, this method was been continued by the biweighted least square method. 
The parameter values with the last mentioned method were comparable with those deduced by the first 
one, with the exception for two parameters which values were diverging. A second attempt was made 
to ameliorate the solution. It consisted to fix the value of the hydraulic conductivity for the lowermost 
layer and to optimize those of the remaining ones. The comparison of the results obtained in the three 
cases shows that almost all the parameter values are stable. Finally, the examination of the accuracies 
of the estimated parameters permitted to classify these in three groups according to the sensitivity of 
the hydraulic head to each of them. 

2. HYDROGEOLOGICAL DATA 

Geological investigations, carried out by Lebbe (9], reveal the existence of a clay layer of Eocene 
·age at a mean depth op 30m and with a thickness of about 105m. This clay layer can be considered 
as an impermeable substratum. On top of this clay layer occurs, in the larger part of the studied area, 
medium to coarse medium sand of Emian age. It forms a layer which can be considered as permeable 
with a fairly large horizontal hydraulic conductivity (Fig.2). The former deposits are covered by a 
complex of sands, silt and clay. Two facies can be distinguished, a silty one and a clayey one. The 
silty fine sands form a semi-permeable layer of rather small hydraulic resistance. The clayey fine 
sands, usually thicker than the latter, have a large hydraulic resistance. In the northern part of the 
area, the complex is lacking in most places. The larger part of the groundwater reservoir is formed 
by medium to fine medium sands. In these sands lenses of silty fine sand with a small hydraulic 
resistance can occur. 
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Fig. 1. Location of holes and lithostratigraphical section 
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Deposits of varying nature occur between the levels + 1 and +4. All levels are expressed in TAW, 
datum level of the second general levelling (National Geographical Institute,Belgium). Under the 
shore and the foredunes a layer of shells and medium sands occurs. Under the northern part of the 
studied area medium old dune sands are present with on their top a horizon enriched with organic 
matter. The former layers, are considered as permeable. On the southern strip of the old dunes the 
horizon enriched with organic matter can pass into a peat layer which behave like a semi-permeable 
one. Under the southern part of the modelled area, silty and clayey fine sands with a fairly small 
hydraulic resistance alternate with clay, silt and peat lenses with a larger hydraulic resistance. The 
latter is found at the surface in the polder area. In the dune area, the top of the groundwater resetv'oir 
is formed by dune sands in which the water table occurs. 

1. permeable layer with large horizontal hydraulic conductivity 
2. permeable layer with small horizontal hydraulic conductivity 
3. semi-permeable layer with small hydraulic resistance 5. impermeable layer 
4. semi-permeable layer with large hydraulic resistance 6. well screen 
Fig.2: North-south lithostratigraphical section through the Westhoek area [9] 

From the June 1'' 1975 to March 30"' 1978, hydraulic heads were measured in 106 observation 
wells every two weeks in about the half of them and every month in the remaining part. Most of the 
screens of these wells are installed in the uppermost permeable layer. Only 40 screens are situated 
in the middle and lower ones. 
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Fig. 3. Monthly recharge rates 
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Fig. 4. Monthly pumping rates 

In the studied dune area, the groundwater reservoir is recharged by a part of the rain water. The 
recharge rate of fresh water is estimated by composing, the monthly water balance of the unsaturated 
zone according to Thornthwaite and Mather [14] using the monthly potential evapotranspiration, the 
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monthly rainfall and the water holding capacity. The potential evapotranspiration is computed by the 
Penman method using the meterological data of a station located at 3 km east of the studied area. The 
resulting, monthly recharge is given in figure 3. In the considered polder area groundwater is drained 
by a system of canals and tubes. 

A groundwater catchment is situated in the studied dune area. Water is pumped from a central well 
which is connected with 101 pumping wells. The filter screens of these wells are situated between the 
levels -3 to -9. The pumping rates were measured by the IWV A, the intermunicipal water-supplY 
company of the Veurne shire. These rates are given in figure 4. 

The larger part of the considered groundwater reservoir is filled with fresh water[6]. Underneath 
the southern strip of the studied area, salt-water occurs in the lower part of the aquifer. At the 
northern boundary, the higher-water mark, a salt-water lens is encountered above the fresh water 
tongue [ 11]. Because of the overexploitation, the water catchment is threatened by these salt waters· 

3. SCHEMATIZATION OF THE GROUNDWATER RESERVOIR 

The applied numerical model is a quasi-3D finite-difference one which can treat steady-state as well 
as transient flow. In this model, the goundwater reservoir is bounded at the top by a watertable and 
at the base by an impermeable boundary. The layered groundwater reservoir was schematised in tbree 
permeable layers and two semi-permeable ones (Fig.2). The permeable layers are introduced as layers 
into the. numerical model and numbered upwards while the semi-permeable layers are considered as 
horizons between the former ones. 

Layer 1 of the numerical model corresponds with the medium to coarse medium sand of Emiall 
age. Layer 2 is composed by medium to fine medium sands. Layer 3 is formed by the dune sand~· 
The thickness of the uppermost layer of the numerical model is defined by its calculated hydraullC 
head and the elevation of its base which is taken equal to +4. When the calculated hydraulic bead 
of the uppermost layer is lower than the latter, then onl:t a vertical flow can occur between this layer 
and layer 2, then there is no horizontal flow in the uppermost layer. The semi-permeable layer 
between layers 1 and 2 is formed by the complex of sands and clay. The semi-permeable layer 
between 2 and 3 is composed by the deposits of varying nature which occur between the levels --+- 1 

and +4. 

In the horizontal plane the studied groundwater reservoir is subdivided in 36 columns, numbe:C~ 
eastwards, and 25 lines, numbered southwards. Each layer of the numerical model is subdivided 10 

squared cells with 100m as side (Fig.S). · 

4.BOUNDARY CONDITIONS 

From the maps with lines of equal hydraulic heads of the uppermost layer, drawn on the basis of 
monthly measurements, one can deduce that the groundwater flow in the vicinity of the western .;;3trld 
eastern boundaries is mainly parallel to these (Fig.6) for the whole simulation period. Therefore tb ese 
boundaries can be considered as impermeable. 

The hydraulic heads measured in the observation wells, situated along the northern boundary, 1t:-he 
high-water mark, show fluctuations which are induced by the semi-diurnal tides. Continll!..-lll ed 
registr-ation of these fluctuations have been carried out in a battery of observation wells which ~re 
situated in a plane perpendicular to the high-water mark. The registered fluctuations and the m~an 
values depend strongly on the level of the screens [10]. 

Underneath the high-water line exists a considerable downward flow of salt water which infiltr~11::es 
on the fore-shore during the high-water. Along this boundary, the hydraulic heads are fixed altho~ ~h 
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their values change in time with the level and distance to the French border. Their mean monthly 
values are introduced in the numerical model. 

The monthly mean values of the hydraulic head are also fixed in the southern boundary plane. The 
base of the groundwater reservoir is formed by the 105 m thick clay layer of Eocene age, which can 
be considered as impermeable for this groundwater problem. The bottom of the groundwater reservoir 
is thus an impermeable boundary. Its top is formed by the watertable. At this boundary a fixed 
vertical flow boundary condition is hold. The recharge rates are given in figure 3. 

The screens of the pumped wells of the catchment are situated in layer 2 of the numerical model. 
The pumping rates of each block of the finite-difference grid are proportional to the number of wells 
present in the block. 

5. ZONATION AND PARAMETERIZATION 

To reduce, as much as possible, the number of the hydraulic parameters to be optimized, a zonation 
pattern was introduced for some of these parameters. This zonation is partly based on the lithostrati
graphical information and partly on the observed evolution of the hydraulic head configuration during 
the modelling period. For the horizontal conductivity of the permeable layers 1 and 2, as well as for 
the storage coefficient near the watertable only one zone is considered. Two zones are considered for 
the horizontal conductivity of the uppermost permeable layer and for the hydraulic resistance between 
layers 1 and 2 (Fig.7 and Fig.8). Because of the heterogeneity and the lateral variation of the litho
logy of the semi-permeable layer, situated between levels + 1 and +4, four zones are distinguished 
with different hydraulic resistances between layers 2 and 3 (Fig.9). Finally, the specific elastic 
storages of the three different layers are considered in one group. So eleven different zones or groups 
of hydraulic parameters, herein after will be referred as parameters, are to be optimized from the 
2186 observations which are spread in time and space. The initial chosen values of the parameters 
are those obtained by a trial-and-error calibration of the mathematical model done by Lebbe[9]. 
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6. SENSITIVITIES 

The sensitivities indicate the magnitude of the variation of the calculated hydraulic heads due to 
a change of the value of a considered parameter. Several methods are available for their determination 
of which the finite-difference approximation is the most simple. 

The sensitivity for the i"' observation to the j"' parameter can be deduced by a backward finite
difference approximation [2]: 

where oPi is a relatively small value, mostly taken equal to a fraction of Pi,(oPi =aPi), 
NP is the number of the model parameters 

(1) 

J u is the ij"' element of the sensitivity matrix J, 
h(P1, ... ,(1 +a)Pi, ... ,PNr) and h(P,, ... ,Pi, ... ,PNr) are the calculated heads for the parameter sets 
(P1, ... ,(1 +a)Pi, ... ,PNr) and (P1, ... ,Pi, ... ,PNP). 

This method is very simple to apply but it necessitates the calculation of the hydraulic head confi-
gurations for all the hydraulic parameter sets (P1, ... ,Pi, ... ,PNr),(P1, ... ,(1 +a)Pi, ... ,PNr), ... and 
(P,, ... ,Pi, ... ,(l +a)PNr). This is equivalent to make (NP+ 1) simulations by the quasi-3D model. 

The sensitivities lu calculated by using the previous equation vary widely. Thus, it seems very 
useful to consider a logarithmic scale which has the advantage to reduce the range of their variation. 

J. ~ h(Pp ... ,(l +(f.)Pf" .. ,P NP)-h(Pl'"',PJ"'.,P NP) (2) 

iJ log((l +(f.)P)-log(P} 

where log is the logarithm in base 10. 

7. SENSITIVITY ANALYSES 

The sensitivity analyses have several purposes: firstly, to examine the dependence of the hydraulic 
heads to the parameters, secondly, to examine if there is a correlation between the sensitivities to the 
different parameters, thithly, to evaluate if the available observations are sufficient enough to estimate 
the chosen parameters and fourthly, to determine the part of the information that can be obtained from 
each observation. Than, it is evident that these sensitivity analyses are a prerequisite for the 
application of an inverse model in the way that these analyses permit the identifiability of the 
parameters, the uniqueness of the solution and the determination of the observation wells which 
measurements influenced the most the optimized results. 

The sensitivity analysis is based on the singular value decomposition of the sensitivity matrix J and 
the decompsition of the variance of each parameter. The sensitivity matrix J of which the number of 
columns is equal to the number of parameters, NP, and the number of lines is equal to the number 
of observations, NOB, can be decomposed as follows [3]: 

(3) 

where lP'U = vrv = INP and D is a diagonal matrix with non-negatif diagonal elements, called the 
singular values of J. In practice, the matrices lP'U and yTy are not necessary equal to an identity 
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matrix. They are called, respectively, information and resolution density matrices [ 1 & 8]. The 
diagonal elements of the resolution matrix indicate the degree by which each parameter may be 
identified and those of the information density matrix give the information percentage that could be 
obtained from each observation. The resolution density matrix for the eleven parameters to deduce 
from the available observations shows that they are sufficient for the identification of these 
parameters. 

Table 1: Diagonal elements of the resolution matrix yTy 

Parameter yTy Parameter yTy 

Kh(1) 1.00 C(2)-Z1 1.00 

Kh(2) 1.00 C(2)-Z2 1.00 

Kh(3)-Z1 C(2)-Z3 1.00 
& 1.00 

Kh(3)-Z2 C(2)-Z4 1.00 

C(1)-Z1 1.00 So 1.00 

C(1)-Z2 1.00 S,(l-3) 1.00 

The result of table 1 does not mean that the eleven parameters can be optimized with the same 
degree of accuracy from the available observations. This can only be deduced by the application of 
the inverse model. Because the large number of available observations, the diagonal elements of the 
information density matrix are added upper piezometer and are given in table 3. It shows three types 
of piezometers. The first type is situated near the fixed head boundaries. They are insensitive to the 
parameter changes. The second type is situated in layer 3 and they have an average contribution of 
about 20 %o. The third type of piezometers is located in layers 1 or 2 and they have the largest 
contributions. This is mainly due to the small number of observations in these layers. 

Table 2 : Diagonal elements of the information density matrix lJTU 

Piez. UTU Piez. ifU Piez. ifU Piez. ifU Piez. ifU 

HB1 .009855 HB2 .028570 HB3 .015504 HB4 .051981 HB5 .020247 
HB6 .021977 HB7 .026406 HB8 .013369 HB9 .008668 HB10 .032668 
HB11 .007852 HB12 .083369 HB13 .026833 HB14 .005237 HB15 .011229 
HB16 .002658 HB17 .017658 HB18 .007270 HB19 .025667 HB20 .003613 
HB21 .010096 HB22 .007935 HB23 .005986 HB24 .000339 HB25 .009638 
HB26 .010306 HB27 .017745 HB28 .003183 HB29 .008896 HB30 .010514 
HB36F1 .008874 HB36F2 .004284 HB37F1 .011618 HB37F2 .005326 HB38F1 .01410 
HB38F2 .013754 HB39F1 .010450 HB39F2 .005228 HB40F1 .016348 HB40F2 .01479 
HB41 .010555 HB42 .005790 HB43 .003611 HB44 .014152 HB45 .007925 
HB46 .046345 HB47 .005657 HB48 .010761 HB49 .005013 HB50 .010112 
HB51 .012028 HB53 .020933 HB54 .006654 HB55 .009926 HB56 .003620 
HB57 .006022 HB58 .008236 HB59 .007593 HB60 .007252 HB61 .001295 
HB63 .000095 HB64 .003057 HB65 .004573 HB66 .019741 DB7F4 .024948 
DB7F3 .016843 DB7F2 .025502 DB7F1 .025430 DB8F1 .035970 DB8F2 .035970 
DB6 .007554 DB8F4 .033690 DB9 .011922 DBlO .004909 DB11 .001285 
DB16F4 .000000 DB15 .000000 DB16F1 .000000 DB16F2 .000000 DB16F3 .00000 
DB? .000097 DB6F1 .000000 DB6F2 .000000 DB6F3 .000000 DB6F4 .00000 
IP3 .012706 DB8F1 .000000 DB8F2 .000233 IP! .006633 IP2 .005934 

The methods to analyse the exact linear dependency like the one based on the determination of the 
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rank of the matrix Jon the basis of the results of singular value decomposition [3 & 8], or the method 
using the conditional number of J [3] do not permit to detect the near-dependence between the 
parameters which is often the case in practical problems. In this case, Belsley proposes to execute a 
variance-decomposition for each parameter in proportions associated to the singular values. 

For the least square estimation, the variance-covariance matrix is : 

(4) 

where rr is the estimated variance of the difference between the calculated and observed hydraulic 
heads. 

Using the singular decomposition J = UDV\ this variance-covariance matrix may be written as: 

It means that the variance of the klh regression parameter is : 

NP 0 
var(Pk)=a2L __!j_ 

i=l !-1
2
) 

The proportion of the variance of Pk associated to the singular value is given by : 

with 

and 
HP 

<l> k= L $/j.,k=l, ... ,NP 
}=1 

(5) 

(6) 

(7) 

(8) 

(9) 

The proportion is associated with a condition index 1/i which is the ratio of the largest singular value 
(p,maJ to the singular value Jli (1/i = Jl""xfJli ). 

The study of different type of synthetic matrices leads to the following two results: 
- a high condition index, according to Belsley [3] higher than 30, which associates a group of 

parameters, will dominate at least the variance of these parameters. 
- the parameters with a smaller sensitivity to the hydraulic heads are associated with the largest 

condition indices; the proportions of the decomposition of their variance associated with these indexes 
are, nearly, equal to the unity and those which correspond with the others are equal to zero. 

These results offer information about the possibility of parameter identification and make it possible 
to select the parameters to which the hydraulic heads are the most sensitive. These parameters are first 
introduced during the start of the application of the inverse model. When the sum of squares of the 
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residuals reach a minimum ·value, the next most sensitive parameters are introduced. This process is 
continued until all parameters are introduced or until tbe ratio between the largest and tbe smallest 
eigenvalue becomes larger than 20.000 [13]. Such a ratio indicates a problem which becomes unstable 
[4]. 

From the singular value of the sensitivity matrix J, calculated for tbe eleven parameters, tbe matrix 
II of variance-decomposition proportions is deduced and is given in table 3. 

Table 3. Condition indexes and II matrix of variance-decompositon proportions. 

• 1.000 1.0872 J.06n 3,2520 5,9600 7.4202 8,3147 9,0963 28.4SOO 273.518 179.919 
Ponmotu 

K.Ul 0.0513 0.0281 0.16H 0.1835 0.0092 0.1276 0.1865 0.0701 0.0047 0.1119 0.0005 

1<.(2) 0.0111 0.0195 0.1948 0.1985 0.0136 0.2169 0.2113 0,0959 0.0006 0.0348 0.0029 

l<.(l)·ZI 

"' 0.0000 0.0000 0.0218 0.0227 0.0012 0.0859 0.0310 0.7S'Ul O.OIXll 0.0030 0.0822 
K.Ol·Z2 

C{I)·Zl 0.000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.9926 0.0074 

C(I)·Zl 0.0000 0.0000 0,0048 0.0100 0,0201 0.2200 0.1430 0,0962 0.0001 0.4915 0.008] 

C{2)·ZI 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.9673 0.0187 0,0140 

C(l)·Zl 0.0002 0,0000 0.0013 O,O(X)I 0.8218 0.0522 0,0282 0.0125 0.0006 0.0115 0.0095 

C(l)·Zl 0.0000 0.0000 0.1110 0.1203 0.0012 0.046] 0.0123 0,7025 0.0001 0.0010 0.0051 

C(2)-Z4 0,0000 0.0000 o.oo:u 0.0002 0.0000 0.2660 0.6650 o.oou 0.0060 0.0568 0.0000 

s. 0.0248 0.1)418 0.0029 0.0093 0.0037 0.002l 0.0014 0.0001 0.0001 0.0035 0.9093 

S~l·l) 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0,0000 0.0386 0.9614 

Witb a first glance on II one can derive two families of parameters according tbeir sensitivities to 
tbe hydraulic heads: 

- tbe first group consists ofKh(l), Kh(2), Kh(3)-Z1 and Kh(3)-Z2, C(1)-Z2, C(2)-Z2, C(2)-Z3, C(2)
Z4 and S0 • The most of tbeir variance, except tbe one of S0, are dominated by tbe lowermost indexes. 

- tbe second group corresponds with Ss(1-3), C(l)-Z1 and C(2)-Zl. Their variance-decomposition 
proportions associated with tbe highest indexes 1J9 , 1J 10 and '1} 11 approximate the unity while tbe otber 
proportions approximate zero. These tbree indexes are higher tban tbe eight first ones which indicats 
tbe degradation of tbe least square estimator when tbe parameters of tbis group will be introduced in 
the optimization problem. 

A detailed analysis of tbe variance-decomposition proportions associated to tbe highest indexes 1J9, 

'1} 10 and '1} 11 leads to the following constatations : 
- tbe highest index ,'1}10 == 273.588, dominates tbe variance of tbe hydraulic resistance C(l)-Zl. 

This can be explained by tbe lack of observations in the layers 1 and 2 of tbis zone. Viewed as 
regression diagnostic, tbis information indicates tbe degradation of tbe least-square estimator when 
tbis parameter is introduced. In otber words, tbe condition number of tbe Hessian matrix J-rJ becomes 
high when tbis parameter is introduced, and tbus tbe optimization problem will be less stable. 

- tbe second highest index, '1} 11 == 179.919, explains nearly 91% of tbe variance of S0 and more tban 
96% of tbe one of Ss(1-3). This situation indicates tbat tbese parameters form a group of near
dependency. Such result can be expected for seasonal variations of tbe hydraulic heads, which is tbe 
case for the studied problem. Bec~use the sensitivities to S0 are considerably larger tban tbose to Ss(l-
3). So a rough estimation of tbe value of this parameter is sufficient. 

- The tbird highest index, '1}9 == 28.450, is not so large as tbe two previous ones but it dominates 
tbe variance of the tbird parameter C(2)-Z1 to which tbe hydraulic heads have very small sensitivities. 
The introduction of this parameter in tbe optimization problem will induce a degradation of the least
square estimator but not at the same level as C(1)-Z1 and Ss(1-3). 
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8. THEORETICAL BACKGROUND OF THE INVERSE MODEL 

The inverse model applied in this study is based on the calculations of the sensitivities and on a 
non-linear regression analysis. 

The adjustement factors A are calculated from the sensitivity matrix J and the residuals e using 
the linearization method [2 & 12-13] 

(10) 

where A is the vector of the logarithms in base 10 of the adjustement factors for the different 
parameters. 

and W is the weighting matrix for the hydraulic head and is here a diagonal matrix. Each diagonal 
element Wu describes the reliability of the ith observation. In the case when the observations have the 
same reliability, W can be taken equal to the identity matrix and the objective function to optimize 
is the Ordinary Least Square (OLS); otherwise, it is the Weighted Least Square (WLS). 

The values of the parameters at the iteration (n + 1 ), Pj <n+l), are obtained from those at the previous 
iteration, Pj", according to : 

(11) 

where Aj" is jth component of A deduced after the nih iteration. 

This algorithm is applied successively until the adjustement factors will be very small and the 
objective function (OLS or WLS) reaches its minimum value. If the number of outliers is high, the 
ordinary least square is continued by the weighted least square [13]. The WLS method applied in this 
study is the biweighted least square as proposed by Wannacott and Wannacot [15]. In this method, 
the ith diagonal element is calculated from: 

(12") 

and 

wu~o.,othenvise 

where ui is calculated from the residuals e, and the interquartile range (IQR) of the residuals by means 
of this equation : 

u ~____2_ 
1 3/QR 

(13) 

If the weighted residuals are normally distributed with zero mean and constant variance, if they are 
uncorrelated and if the head is linear in the vicinity of the optimal solution, the variance-covariance 
matrix of the parameters is given by [7]: where a'- is the common variance given in equation (15). 

covP~o2(JrwJ)- 1 (14) 

The marginal standard deviation Smj for the jlh parameter can be approximated by the square of 
COVPii, the jth diagonal element of the variance-covariance matrix. It corresponds to the maximum 
value of variability when nothing is known about the other parameters [5 & 13]. The confidence 
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NP 

'E »';;t; 
(12 i=l 

(15) 

NOB-NP 

interval SCimi, which is proportional to Smi, overestimates this variability when the parameters are 
correlated. A better approximation of the actual variability is given by the conditional standard 
deviation, it can be deduced from the eigenvalues and the eigenvectors [13-14] of the variance
covariance matrix COVp : 

where Sci is the conditional standard deviation of the jth parameter, 
Cl'k is the kth eigenvalue of the COVp, 
V ik is the jth component of the eigenvector associated to Cl'k 

9.1NTERPRETATION OF RESULTS OF INVERSE MODEL 

(16) 

The optimal values of the hydraulic parameters obtained by the application of the inverse model 
are represented in table 4. These values are all acceptable for the lithological layers which constitute 
the studied groundwater reservoir. 

Table 4. Optimal hydraulic parameter values estimated by the OLS-method 

Parameter Unit Optimal value Sm So Cf98% 

Kh(1) m/d 14.35 0.0042 0.0042 1.0183 
Kh(2) m/d 8.080 

Kh(3)-Z1 m/d 4.660 0.0430 0.0284 1.1308 
Kh(3)-Z2 m/d 1.170 
C(1) -Z2 d 714.2 0.0364 0.0358 1.1676 
C(1) -Z3 d 357.1 
C(2) -Z2 d 245.1 0.0326 0.0284 1.1308 
C(2) -z:i d 490.1 0.0175 0.0175 1.0787 
C(2) -Z4 d 4901. 0.0426 0.0418 1.1984 

So .1908 0.0057 0.0057 1.0250 

The linked hydraulic parameters Kh( I) and Kh(2) and the hydraulic parameter S0 are estimated with 
the largest accuracy (table 4). The other parameters are estimated with about the same accuracy with 
exception of C(2)-Z4. Their accuracies are considerable smaller than those found for the first 
mentionned parameters. These results are confirmed by the analysis of the eigenvalues and 
eigenvectors of the variance-covariance matrix (Table 5). The largest components of the eigenvectors 
are associated with the two smallest eigenvalues which correspond to the parameter groupe I<t,(l) and 
Kh(2) and the hydraulic parameter S0 • The largest component of the eigenvector which is associated 
with the largest eigenvalues corresponds with the parameter C(2)-Z4. The examination of the 
eigenvalues associated with the different parameters abies us to classify the parameters in three groups 
following their sensitivities to the observed hydraulic heads : the first group corresponds with Kh(l)
Kh(2) and S0 , the second with C(2)-Z2 and the third with the remaining ones. 
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Table 5. Eigenvalues and Eigenvectors for OLS-method 

" 
.171 .328 .250 .107 .130 .178 .236 

Param. 10'' 10'' 10'' 10'' 10'' 10'' 10'' 

Kh(1) 0.9838 0.1686 -.0097 -.0566 0.0131 0.0122 0.0007 
Kh(3)-Z1 0.0052' -.0288 -.4573 0.0151 -.1591 -.1918 0.8530 
C(1)-Z2 0.0000 0.0001 -.0330 -.0771 0.9828 -.0522 0.1553 
C(2)-Z2 -.0616 0.0283 -.0412 -.9936 -.0772 0.0143 -.0143 
C(2)-Z3 -.0001 0.0479 0.8861 -.0394 -.0488 -.0979 0.4462 
C(2)-Z4 -.0127 0.0047 -.0025 0.0105 0.0172 0.9749 0.2211 

So -.1667 0.9837 -.0538 0.0404 0.0009 -.0881 0.0030 

The condition number of the Hessian matrix (J~J) is equal to 137.58. This value indicates that 
the obtained result is stable. The sum of squared residuals is equal to 141. 8 m2

• This corresponds with 
a 0.255m as standard deviation of the residuals. 

To ameliorate the solution the ordinary least square method was completed with the biweighted 
least square method. The advantage of this last method is that it abies us to eliminate the most 
unreliable observations. The obtained solution is acceptable for most of the parameters although the 
values of C(1)-Z2 and C(1)-Z3 were diverging. This was certainly due to the fact that the eliminated 
observations are principally located in those two zones. The optimal parameter values obtained with 
the BWLS-method are represented in table 6. They are comparable with those obtained with the OLS
method with the exception of C(l)-Z2 and C(l)-Z3. 

Table 6. Optimal hydraulic parameter values deduced by the BWLS-method. 

Paramet Kh(1) Kh(2) Kh(3) Kh(3) C(l) C(l) C(2) C(2) C(2) So 
-Zl -Z2 -Z2 -Z3 -Z2 -Z3 -Z4 

Unit m/d mid mid mid d d d d d -
Value 18.05 10.16 4.84 1.21 - 5397. 287.2 574.4 5743. 0.211 

A second attempt to ameliorate the solution was made by fixing the ~(!)-value at 16m/d and 
optimizing all the other parameters with the OLS-method. The obtained solution is given in table 6. 

Table 7. Hydraulic parameter values deduced by the OLS when ~(1) is fixed. 

Parameter Unit Optimal value Sm So Cf98% 

Kh(2) mid 6.080 0.0082 0.0082 1.0361 
Kh(3)-Z1 mid 4.690 0.0404 0.0273 1.1254 
Kh(3)-Z2 mid 1.170 
C(1) -Z2 d 556.4 0.0313 0.0283 1.0905 
C(1) -Z3 d 278.2 
C(2) -Z2 d 247.4 0.0302 0.0279 1.1284 
C(2) -Z3 d 494.7 0.0168 0.0167 1.0745 
C(2) -Z4 d 4947. 0.0403 0.0400 1.1890 

So .1951 0.0053 0.0053 1.0232 

Only values of Kh(2),C(l)-Z2 and C(l)-Z3 have changed remarkably in comparison with those 
given in table 4 where the hydraulic conductivities Kh(l) and Kh(2) are considered in one group with 
a fixed ratio between their values. The accuracies of the parameters either ameliorate or stay in the 
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10. CONCLUSIONS 

From the available observed hydraulic head-fluctuations parameters have been selected and their 
values have been optimized by means of sensitivity analyses and by means of the inverse quasi-3D 
model. The information density matrix permits the indication of the observation wells which influence 
the most the optimized results. The variance-decomposition proportion matrix permits the selection 
of the indepedent parameters. The results of the different least square methods and the solutions with 
different parameterization show that the obtained hydraulic parameter values were stable. These values 
for the horizontal and vertical conductivities are in a good agreement with the lithostratigraphical data. 
The storage capacity of the groundwater reservoir is principally defined by the storage coefficient near 
the watertable, also called specific yield. The storage due to the elasticity of the groundwater reservoir 
is negligible. Therefore only the former can be deduced from the seasonal fluctuations of the 
hydraulic head. 
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