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INTRODUCTION 

The hydrological system of the coastal zone in western part of The Netherlands is economically very 
important. In particular the cultivation of flowers takes place in the western part of the Netherlands, 
along the dune area. This industry has experienced high groundwater levels in the last few years. 
Excessive rainfall, diminishing groundwater extraction in the dune area and moving interfaces between 
fresh and saline groundwater are the main causes for the high groundwater tables in the hinterland 
where the flowers grow. The rather dense surface water system with a fixed level is not adequate to 
maintain the optimum groundwater levels in between the ditches. In the future, for ecological reasons, 
the groundwater levels in the dunes will be even higher. These higher levels will influence groundwater 
levels in the adjacent area, causing an increase in crop damage.  

Secondly, a part of the Dutch drinking water industry is situated in the Western coastal zone. Due to 
the sea level rise in the next centuries [Oude Essink, 1996], the coastal zone will become brackish. 
This will cause a situation in which it is hard to extract the amount of fresh groundwater needed for the 
drinking water industry. Besides these economically important issues, the social and human aspects of 
living and recreation in this area also have to be taken into account. 

As a result of the problems mentioned above, the complex situation in this part of the Netherlands is 
asking for a new approach in managing the total groundwater system by looking for an optimal and 
sustainable solution, to prevent future groundwater damages. One of the main measures to get a 
sustainable situation in this area is the extraction of deep saline water under the dune area, placed at 
the intersection of the dune area with the hinterland. A MSc. thesis was undertaken to give a first 
indication of the possibilities and the effects of such measure.  

Research into the behaviour of the transition zone between fresh and salt water under the influence of 
an extraction of saline water was the main objective of this thesis. A two-dimensional numerical 
program based on the stream function was developed and verified by using test cases consisting of 
similarity solutions for density dependent flow in a porous medium [Schotting, 1998] and some 
analytical solutions for steady state situations. Applying of this program to the case study, first the 
movement of a sharp interface is investigated with and without saline water extraction. Finally a 
transition zone is introduced and the behaviour of this zone is investigated. 

EQUATION FOR TWO-DIMENSIONAL FLOW 

Before describing the method we have used to obtain a numerical steady state model for density 
dependent flow, we will start with the equation for two-dimensional flow. The equation for plane 
groundwater flow in an inhomogeneous- anisotropic porous medium, where both the fluid and the 
porous medium are incompressible, is: 



17th Salt Water Intrusion Meeting, Delft, The Netherlands, 6-10 May 2002 

 

370

 0yx p p g
x x y y

κκ ρ
µ µ

    ∂ ∂ ∂ ∂
− + − + =    ∂ ∂ ∂ ∂    

, (1) 

where: 

x = horizontal coordinate (m), 
y = vertical coordinate (m), 
p = pressure (N/m2), 
κ = intrinsic permeability (m2), 
µ = dynamic viscosity (kg/ms), 
ρ = density (kg/m3), 
g = acceleration of gravity (m/s2). 

Next we introduce the equation of mass conservation, the so-called advection-diffusion equation in 
terms of the density: 

 grad div(grad )=0totaln q D
t
ρ ρ ρ∂

+ −
∂

, (2) 

where n is the porosity of the porous medium, q  is the specific discharge and Dtotal is the dispersion-
diffusion matrix. 

By using the Boussinesq approximations, one can obtain a set of equations to solve the density 
distribution for each time step. Also Darcy’s law requires 

 ( )grad zq p geκ ρ
µ

= − + . (3) 

This set of equations can only be used under the assumption that div 0q =  (i.e. incompressible fluid). 

In practice, many groundwater programs use these formulas. Implementing these equations into a 
numerical model is difficult, because we have to deal with complex boundary conditions in terms of 
pressure. In this research we have chosen the stream function ψ (m/s2) because it is a rather simple 
and convenient method to gain results. In terms of the stream function, equation (1) can be written as: 
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where gγ ρ=  (kg/m2 s2). 

The term / xγ∂ ∂ , can be seen as a sink-source term with strength (van den Akker, 1982): 

 ( )1 2Q g hρ ρ= − ∆ , (5) 

where h∆  is equal to the height of the considered model cell. 
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NUMERICAL PROGRAM 

During this thesis we have focused on the behaviour of the brackish transition zone, situated under the 
dune area. One of the main assumptions was to consider the interfaces between fresh and brackish 
water and the interface between brackish and saline water as sharp interfaces, and neglecting 
diffusion and dispersion. 

To make calculations on the behaviour of the brackish zone, a numerical model based on the finite 
difference method, has been developed in Matlab (Schaars et al., 2001). This model is based on the 
groundwater program Modflow. In Modflow the groundwater heads in each cell are computed by 
solving the water balance for each cell in the model. An important variable is the conductance term 
Cij+½, which is written as the reciprocal of the resistance at the cell boundary between two adjacent 
cells (McDonald & Harbaugh, 1984). For the three dimensional case, the conductance term is given 
by: 
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is the hydraulic conductivity. Due to the analogy between equation (1) and (4), the values 

of the stream function can also be calculated by solving the water balance of each cell in terms of the 
stream function using the conductance term from equation (6) as follows: 
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Originally the input of the model is done as a block-centered model, but by using the stream function it 
is more sophisticated and efficient to calculate the values of the stream function ψ at the cell nodes, by 
converting the block- centered model to a mesh- centered model. In the mesh- centered model, the 
properties of the cell nodes such as the hydraulic conductivity are a weighted-average of the 
surrounding cells. For computing the discharges over the cell boundaries there will be a switch again 
from a mesh-centered to a block-centered model. The advantage of this method is to obtain matrices 
with the right dimensions to calculate the values for the specific discharges. The definition of the 
specific discharges qx and qy in terms of the stream functions are given by: 

 xq y
∂Ψ

= −
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 and yq x
∂Ψ
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 (8) 

According to equation (2) and introducing the hydraulic conductivity K  (m/s) the following expressions 
can be obtained for the sink or source terms: 
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When the initial and boundary conditions are known in the model, the following equation will be 
solved: 
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When using the stream function, a problem will arise if there are interior sinks or sources  (like 
extractions or injections) in the flow domain. These sinks and sources will act like a vortex and 
complicate the modelling because the stream function can take more than one value on a nodal point 
where a sink or source term is situated [van den Akker, 1982]. To handle this problem, for each sink or 
source term in the model area, a branch cut must be introduced. In this paper however, for simplicity 
reasons, the extractions and injections will be assumed to act on the boundary of the flow domain 
because it is hard to model these branch cuts using the finite difference method.  

MOVING INTERFACES 

We have seen that by using the stream function for computations on density driven flow the influence 
of dispersion and diffusion is not taken into consideration. In modelling the movement of sharp 
interfaces correctly, one has to use moving grids and it is advantageous to use the finite element 
method. By the use of the finite difference method, numerical dispersion will be introduced, because it 
is not possible to fit the cell in such a way that the interface is placed on the cell boundaries.   

To avoid this problem, a procedure is introduced to attribute the density for fresh, brackish and saline 
water for each cell, defining the following criteria.  

Freshwater:  1000 1006.35fρ≤ <  kg/m3 

Brackish water:  1006.35 1018.65bρ≤ ≤  kg/m3 

Saline water:   1018.35 1025sρ< ≤  kg/m3 

The choice for these criteria is based on a trial and error process, achieved to get the best brackish 
mass balance with the smallest deviation during each time step. 

After each time step the equation of conservation of mass (water and salt) and the calculated flow will 
lead to a new density-distribution of the domain. Using the criteria mentioned above, a new position of 
the two interfaces between fresh/brackish and brackish/saline is defined. These positions are only 
used for computation of the right-hand side of equation (10), to define a new field of vortices. For the 
transport of the salt, the program will make use of the real computed density values. 

MODEL VERIFICATION 

Consider two-dimensional flow in a porous medium with two different fluids (fresh and saline water). 
These two fluids are separated from each other by a vertical interface. The boundary conditions of the 
model area are impermeable boundaries on the top and bottom side (ψ = constant). The streamlines 
are perpendicular to the boundary on the left and right hand side (∂ψ/∂x = 0). In the finite different 
scheme the interface is represented by a number of sinks. The length of the porous medium is 1 meter 
and the thickness is 0.5 m. 

For steady state situations with respect to the position of the interfaces, two analytical expressions 
have been derived. De Josselin de Jong has found an analytical expression for the shear flow, which 
is defined as the difference between the specific discharges on each side of the interface and parallel 
to the interface. The magnitude of the shear flow mq∆ is given by (de Josselin de Jong, 1977): 

 2 1( ) sinmq gκ ρ ρ α
µ

∆ = −  (11) 

Verruijt has found an analytical solution for the initial horizontal velocities ( xv ) on a vertical interface. 
This solution is given by (Verruijt, 1970): 
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1h = thickness of the porous medium (m), 
n  = porosity. 

The equation is applied to a flow system where n = 0.1 and a hydraulic conductivity K  equal to 0.001 
m/s (Oude Essink, 1999).  

Figure 1 Initial shear flow ∆vy Figure 2 Initial horizontal velocities vx 

One can see that there is grid convergence for both variables. The numerical results of ∆vy will 
approximate the analytical solution when we make use of a fine grid. The results for ∆x will already 
satisfy the analytical solution by using a very coarse grid.  

Another way to verify the program is to analyse the numerical computations with the program 
MOCDENS3D (Oude Essink, 1999). Evaluation of the computations with MOCDENS3D, according to 
the rotation of the interface also gives good results. 

  

  
Figure 3 Evolution of a vertical interface in time 

The third way to verify the program is to make use of the similarity solutions for the time evolution of a 
sharp interface (Schotting, 1998), which exist for the flow problem mentioned above. These similarity 
solutions are only valid under the Dupuit approximation. Two cases are examined: an initially vertical 
interface in a homogeneous flow domain and an interface crossing a vertical discontinuity in 
permeability (κ1/κ2= 0.1261). Note that in these cases the vertical boundaries are placed at infinity. 
The results are shown below. 
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Figure 4 Convergence of the numerical solution  

 towards a similarity solution 
Figure 5  Convergence of the numerical solution towards 

a similarity solution of an interface crossing a 
vertical discontinuity in permeability 

Both figures demonstrate the convergence of the numerical solution towards a similarity solution.  

The last case we consider is an initially vertical interface crossing a horizontal heterogeneity, 
consisting of two parallel layers with different permeability. The upper layer and the lower layer have a 
permeability of κ1 and κ2 respectively, under the assumption that κ1/κ2 = 5. In this more complicated 
case it is not possible to obtain a similarity solution of a simplified problem based on the Dupuit 
approximation [Schotting, 1998]. 

 

Figure 6 Time evolution of an initially vertical interface 
 crossing a horizontal discontinuity in permeability 

The computed time evolution of an initially vertical interface exhibits the development of fresh-salt 
fingers in the vicinity of the horizontal discontinuity in permeability. This instability at the physical 
unstable zone is caused by the discrete approximation of the interface [Schotting, 1998]. 

CASE STUDY 

To investigate the behaviour of the brackish transition zone under the dune area due to the extraction 
of saline water, we have applied the numerical program. In this case study we are dealing with three 
fluids with different densities. Due to the complexity of the groundwater system under the coastal 
zone, we have to simplify the model area. Instead of looking to the entire dune area we will just focus 
on a part of the transition zone (see figure 7).  

/x tη =  /x tη =

Similarity solution 

Similarity solution 

1κ 2κ
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Figure 7 Schematical cross-section over the dune area 

First, we consider a situation in which there is a sharp interface between fresh- and saline water.  The 
schematization is indicated in figure 8. 

 

Figure 8 Schematization with sharp interface 

For this case, the next assumptions are made: 

 The dimension of the flow field is 400 m (horizontal) and 70 m vertical  
 1000fρ =  kg/m3 and 1025sρ =  kg/m3 

 The recharge on the top boundary is 0.001p =  m2/day 
 Initially there is no flow in the salt water zone 
 In the freshwater zone the inflow is 21000 m  0.001 m/day= 1 m /day×  
 Initially the slope of the interface is 1:20 
 Initially at 0x = , the thickness of the freshwater zone is 50 m 
 For the simulations, the flow is divided in 2800 cells, with 10x∆ = m and 1y∆ = m 
 The position of the interface on the left and right hand side boundaries of the flow domain is kept 

constant 

For a number of situations, simulations were made for a period of 3600 days and an extraction of 
2wellQ =  m2/day on the top and lower boundary, respectively (see figure 9 and 10). 
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Figure 9  Density field with an extraction on the 
top boundary at x= 200 m 

Figure 10 Density field with an extraction on the 
lower boundary at x= 200 m 

 

The schematization of the flow field with a brackish transition zone is indicated in figure 11. Initially the 
thickness of the transition zone is 5 m and at x = 0 m the thickness of the fresh water zone is 50 m. 
The density of the brackish zone is 1012.5 kg/m3.  

 

Figure 11 Schematization with brackish transition zone 

Again the extraction Qwell = 2 m2/day is placed on the top boundary and on the lower boundary, 
respectively.  

Figure 12 Density field with an extraction on the 
top boundary at x= 200 m 

Figure 13 Density field with an extraction on the lower 
boundary at x= 200 m 

One can see that an extraction in the freshwater zone will lead to an increase in the thickness of the 
brackish zone and a decrease in the amount of freshwater. Subsequently, an extraction of saline water 
will result in a decrease in the thickness of the brackish zone. However, when the extraction is too big, 
this will lead to a gap in the brackish zone and an amount of freshwater will be extracted. Both cases 
will result in a not sustainable situation. To avoid these situations, we will introduce a combination of a 
fresh- and saline water extraction. Some simulations have been done over a period of 50 years. The 
results are shown below. 
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2 m3/day on top boundary and  
2 m3/day on lower boundary 

2 m3/day on top boundary and  
2.5 m3/day on lower boundary 

2 m3/day on top boundary and  
3.5 m3/day on lower boundary 

 

 

2 m3/day on top boundary and  
4 m3/day on lower boundary 

2 m3/day on top boundary and  
5 m3/day on lower boundary 

 

Figure 14 Combination of extractions in the freshwater zone and saline water zone 

CONCLUSIONS 

Density driven flow can be modelled very well by using the stream function. Verification of the 
numerical results according to the different flow problems we have described in this paper leads to 
consistent results. Comparison of this program with the existing groundwater program MOCDENS3D 
is satisfactory. For a first indication of the density dependent flow in the coastal area, this model is 
suitable. 

According to the simulations, the extraction of fresh water leads to an increase in the thickness of the 
brackish zone. This will result in an unsustainable situation and finally the extraction will remove a 
certain quantity of brackish water. In the case where water is re-used for infiltration or for the 
production of drinking water this is not acceptable.  

The extraction of saline water leads to an increase in the thickness of the fresh water pocket. With 
respect to the predicted sea level rise in the next centuries, extraction of saline water leads to a 
diminishing seepage of brackish and saline water towards the hinterland. If the extraction rate of the 
well is such that a small amount of brackish water is extracted, the thickness of the brackish zone will 
decrease. An advantage of this method is that the movements of the brackish zone are managed by 
this saline extraction. As a result of this research it is hard to say whether the groundwater levels in the 
hinterland will drop by extracting saline water. Since the saline water from the well is not suitable for 
infiltration purposes or drinking water production, this quantity of brackish water is of no consequence. 
Transportation to the sea is probably the best solution to remove the saline water. It is expected that 
extraction by means of wells in the fresh water system, combined with extractions in the salt water 
system will give a better performance.  

RECOMMENDATIONS 

To model the stream function well, it is necessary to improve the developed program. In cases where 
we are concerned with interior sinks or sources, it would be more sophisticated to use the finite 
element method to model the so-called branch cuts. Under the assumption that the transition between 
fluids with different densities can be seen as a sharp interface, a combination with a moving grid 
method will lead to better results and numerical dispersion will reduce significantly.  

To investigate the influence of a saline water extraction on the water tables, it is also necessary to 
extend the program.  
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Since the aim of this research is to give a first indication of the possibilities and effects of the extraction 
measures, the model area that was used is a simplification of the real situation of the coastal zone. For 
further research the considered model area should be extended and the specific area properties such 
as heterogeneities have to be taken into account. This implies undertaking field measurements 
combined with real test cases in the coastal zone. Research must be continued in order to find the 
optimal solution in managing the fresh/brackish/saline water system of the coastal zone of the 
Netherlands.  
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