
18th SWIM, Cartagena (Spain), 31 May - 3 June 2004 

 76

 
Analytical expressions as benchmarks for unstable convection 

in two- and three-dimensional variable-density ground-water flow 
simulators 

 
 

Clifford I. Voss1, Craig T. Simmons2, Douglas Weatherhill2 and Neville I. Robinson2 
1 U.S. Geological Survey, Reston, Virginia USA 

2 Flinders University, Adelaide, Australia 
 
 

ABSTRACT 
 

Approximate stability criteria for unstable steady-state density configurations, 
determined analytically, may be used as benchmarks for both two-dimensional 
(2D) and three-dimensional (3D) numerical simulators of variable-density ground-
water flow. One of the more difficult tasks of variable-density simulators is to 
correctly represent the physics of unstable density configurations; thus, these 
benchmarks may be among the more stringent tests of such computer codes. 
 
In 2D, the benchmarks consist of approximate analytical stability criteria for 
steady unstable convection in a finite 2D box, closely related to the classic parallel 
plate solutions of Horton, Rogers and Lapwood. 2D models may be tested by: 
1- matching numerical results with analytical results for convective wavelength 

and critical Raleigh number (Rac) for very wide horizontal boxes,  
2- matching Rac as a function of horizontal box geometrical aspect ratio with an 

analytical expression, and, 
3- matching Rac as a function of box inclination with an analytical expression.  
 
In 3D, the benchmarks consist of approximate analytical stability criteria for 
steady unstable convection in a finite 3D box.  3D models may be tested by 
matching simulated wavelength, Rac, and convective regime (polyhedral cells, 
unicellular convection, or longitudinal coils) as a function of box inclination with 
analytical expressions.  
 
In certain situations, steady-state solutions may be sensitive to initial conditions; 
thus, low Raleigh number solutions (Ra < Rac) must be set as initial conditions in 
order to match simulation results with analytical expressions. For unstable solute 
transport, initial conditions for these benchmarks, in terms of concentrations, are 
non-linear functions of the vertical coordinate; in contrast, for unstable energy 
transport in terms of temperature, initial conditions are linear functions.  


